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Hurricane Patricia (20-24 Oct. 2015)

UM/RSMAS GOES15 VIS 23 Oct 2015 1315 UTC

NOAA GOES-15 VIS
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Hurricane Patricia (20-24 Oct. 2015)

fSecond-most intense tropical cyclone on record worldwide, with a minimum estimated
atmospheric pressure of 872hPad ( NOAA NHC, Trop. Cyclone Rep.
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Hurricane Irma (Sept. 2017)

| VIIRS image from NOAA Suomi
“ | NPP satellite, 5/09/2017 17.06UTC

Evolution of the Jo cost function during the IFS 4D-Var minimization, 04-09-2017 12UTC
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Nonlinear and non-Gaussian effects: background
Dealing with nonlinearity

Dealing with non-Gaussianity

ST A S

The way forward
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Nonlinearity and non-Gaussianity

A Nonlinear and non-Gaussian effects are inextricably linked topics: model and observation
operator nonlinearities inevitably produce non-Gaussian posteriors etc.

A Subject of very many studies in simplified models (Miller et al, 1994; Pires et al, 1996;
Evensen, 1997; Verlaan and Heemink 2001, Bocquetet al , 2010, é)

A Sudden spike of interest at ECMWF in the mid 2000s, e.g. Andersson et al., 2005; Trémolet,
2005; Radnati et al., 2005

A Worth revisiting in light of:

1. Much higher resolution of current models and data assimilation;

2. Vastly increased use of non-linear observations (e.g., all-sky radiances)
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The Bayes perspective

A We can think of the analysis process as updating our prior knowledge about the state, represented
by the background forecast pdf, with new observations, represented by their pdf:

N(«se)

\ \
—_—

f(ezrhey) © N(cs)n(o )

n(ese )

A (e ) = prior pdf (encapsulate our knowledge about the state before new observations)
A 1(«s) = observations likelihood (pdf of the observations conditioned on the state)

A 1(ex Fp%)z posterior pdf (updated pdf of the state after the analysis)
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The Gaussian approximation

A Not making assumptions on the shape of the prior and the likelihood pdf makes the Bayesian
problem difficult (i.e., analytically and/or computationally intractable)

A Usual choice is to assume a Gaussian distribution f o r the both the observati on
the prior pdf

A Why Gaussian?
1. Mathematically tractable problem;

2. Full distribution characteristics defined by only its first two moments (mean and
covariance);

3. Supported by the Central Limit Theorem;

4. Maximum entropy distribution for given variance (=> taking a Gaussian pdf we are
making the least amount of assumptions on the underlying population)

5. Assuming linear model and observation operators the posterior (analysis) distribution
n(ex hey) can also be expressed as a Gaussian distribution (conjugate distributions)
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Mean-finding methods

A Once we know the form of the posterior distribution rj(es Fmrp we have a choice:

1) Either we can solve for the mean and the covariance of the posterior Gaussian
distribution:

. (e o) Mo
E (e e)(e ) festhep®e
Methods based on this approach include Optimum Interpolation (O.l.), Kalman

Filter, Ensemble Kalman Filter and Smoother (EnKF/S), 3/4D Ensemble Var (EnsVar).
This is the minimum variance solution or the best linear unbiased estimate (BLUE).
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Mode-finding methods

2) Alternatively we might want to estimate the mode of the posterior distribution
N(o hqu), l.e. find the analysis e as the state that corresponds to the maximum
of the posterior distribution:

A CIGA @(og Poy)

This way of attacking the problem leads to the variational approach (3D-Var,
4D-Var). The solution found in this way is called the maximum a-posteriori
probability state (MAP).
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Nonlinearity and non-Gaussianity in 4D-Var

A The 4D-Var cost function is simply the neg log of the posterior pdf:

O(e)¢ 1 i(fEexrhep)) & 1 i(fEew)) 1 I(fZese ))

A Nonlinear effects arise when the relationship between observations and model state is
nonlinear (this will also make r(«s») non-Gaussian)

A The prior error distributions of «9» and ese can be non-Gaussian to start with

A Both effects have the potential to introduce multiple minima in the cost function and
make the minimisation problematic
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Nonlinear effects
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Piet Hein
(Danish mathematician, 1905-1996)
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Nonlinear effects

A Nonlinear 4D-Var:

00 ) §<c’> 6)E (6 0) (6 0©®))A (6 0©0) p

NI

where 'O "OJ0 o isageneralised observation operator that includes model propagation

A Solving (1) directly is not feasible:
1. Direct computation of minimum of 0(6 ) is impossible for any realistic model;

2. Nonlinear "O can lead to nonconvex cost functions
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Nonlinear effects

A Incremental 4D-Var (Courtier et al, 1994) approximates nonlinear cost function as a sequence of
minimizations of quadratic cost functions defined in terms of perturbations| 6 around a sequence of
Aprogressively moredbaccurated trajectories

wWo) -G o o)E(FO o o) -B (H € (qo))n (H € (o))

wheree =£ E o €E'E o E o 8E o isthelinearised version of "O around the latest
model trajectoryand™ o6 O (c’> ) are the corresponding observation departures
A The incremental formulation has many advantages:
1. Reduced computational cost through the use of lower resolution/complexity linearised models
2. Quadratic cost function guarantees convergence and uniqueness

3. Quadratic cost function allows use of efficient gradient-based minimisers
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Nonlinear effects

A Going from nonlinear to incremental formulation requires the tangent linear (TL) approx.:
6 0®) 6 00 16) 6 0B) ¢as) ZG6) ('Tio) Go) Bhe )
6 0(6) ¢ (o) i
A The TL approximation implies either or both:
1. Small increments (when scaled w.r.to observation errors);

2. Small sensitivity of € =¢ ‘E o to linearization trajectory 6 => approx. linear behaviour of H and M

A So, how nonlinear are M and H?
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Model nonlinearities

A Model non-linearity: how much initial increments evolved by the linearised model and the
nonlinear model differ?
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Model nonlinearities
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Observation nonlinearities

A The other source of nonlinearity is from observation operators

A For linear observation operators in an ensemble DA:

o ) o)) () @ e
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Observation nonlinearities

< ECMW
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Observation nonlinearities

Nonlinear H effects in 4D-Var become increasingly important because of ever increasing

influence of nonlinear observations on the analysis
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Nonlinear effects

A Nonlinear effects, from both the model and the observations are important;

A The current trend shows they will become even more important in the future

A How do we deal with them?
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Nonlinear effects

A The validity of the TL approximation implies either or both:

1. Small increments around the linearisation point (when scaled w.r.to observation errors);

In "yo L p

2. Small sensitivity of ¢ =€ 'E o to linearization trajectory => approx. lin our of Hand M
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Nonlinear effects: large increments

A When does the incremental approach break down?
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Nonlinear effects: large increments

A Remedy: reduce increments by increase of prescribed Observation Errors (taking
representativeness error into account)
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Nonlinear effects: large increments

A Remedy: reduce increments by increase of prescribed Observation Errors (taking
representativeness error into account)

Cetir
20 [

1 9cup

Observation error model for AMSRE ch.19v all-
sky radiances as a functi c
(forecast and observed) cloud amount

Error [K]

from Geer and Bauer, 2011
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Nonlinear effects: MDA

A The idea of modulating observation errors when observation departures are large can be
generalised

A The observations likelihood can be formally written as (Neal, 1996):
Ny AE® 1 U Ay A oeere T+ pil p
A The Bayes posterior then becomes:
oo ) @ No WNcEy oo AR |

A This expression can be written as a recursion starting from the background and
progressively updating the guess state. This is called ES-MDA (Ensemble Smoother with
Multiple Data Assimilations, Emerick and Reynolds, 2012, 2013; Evensen, 2018)

A Maximising this recursion is equivalent to minimising a series of successive cost functions
with the obs error covariances modulated by |
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Nonlinear effects: the incremental approach

A Incremental 4D-Var deals with nonlinearities by a succession of quadratic optimization problems around
progressively more accurate first guess trajectories (approximate Gauss-Newton method, Gratton et al
2007):

The Incremental Method

J

L ECMWE cucorcan conrre ror mepiumran oF WEATHER FORECASTS ©ECMWEF 20/33 S. Massart
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Nonlinear effects: the incremental approach

A Incremental 4D-Var deals with nonlinearities by a succession of quadratic optimizations around
progressively more accurate first guess trajectories => progressively smaller increments => more accurate
local linearisation!
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Nonlinear effects: the incremental approach

150 hPa temp. analysis increments, 2017/05/03 12UTC
ECMWEF operational analysis
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Source: www.ncdc.noaa.gov/gibbs/
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Nonlinear effects: the incremental approach

StDev of O-A inc: 10uter L.
Area Avg: 1.91 m/s

StDev of wind O-B increments, 100-400 hPa
Area Avg: 2.12 m/s

GRID: 0.50x 0.50

=| StDev of O-A inc.: 30uter L.
Area Avg: 1.57 m/s

StDev of O-Ainc.: 50uter L.
; Area Avg: 1.49 m/s
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Pressure [hPa]

Nonlinear effects: the incremental approach

A How important is the capacity to run outer loops for global analysis and forecast skill?

A Relative difference of observation departures of 1 OL and 4 OL wrt 30L control

Instrument(s): AIREP-T  Area(s): N.Hemis S.Hemis Tropics

From 00Z 1-Nov-2016 to 12Z 30-Dec-2016
b

o] SR B

260

300

400

500

700

850

1000 F — 1 1

95 100 105 110
Analysis std. dev. [%, normalised)]

1 Quter
4 Quter

l o)
i’ ECMWF EUROPEAN CENTRE FOR MEDIUM-RANGE WEATHER FORECASTS

115 95

100 105 110
FG std. dev. [%, normalised]

115

Pressure [hPa]

Instrument(s): AIREP AMprofiler EUprofiler JPprofiler PILOT TEMP — Uwind Vwind
Area(s): Europe Japan N.Amer N.Hemis S.Hemis Tropics

From 00Z 1-Nov-2016 to 1%2 30-Dec-2016

T

20
30F
50
0r
100
150
200
250
300
400
500
700
850
1000

O-A

95

100 105

110

Analysis std. dev. [%, normalised]

115 95

1 Quter
4 Quter

100 105 110 115
FG std. dev. [%, normalised]

31



Nonlinear effects: the incremental approach

A Running incremental updates is key to control nonlinearity in 4D-Var

A This is true in EnKF/EnKS/EnsVar world as well: IEnKF/IEnKS/IES, etc (e.g. Chen and Oliver,
2012; Sakov et al, 2012; Emerick and Reynolds, 2013; Bocquet and Sakov, 2014)

A In EnKF/EnKS/EnsVar the analytic gradients are replaced by their ensemble approximations:
‘A BE) © A
& BAE D © A
A This implies that the iterated versions of the EnKF/EnKS/EnsVar need to re-run the ensemble at

each iteration to compute the updated sensitivities

A Another consequence is these ensemble re-runs cannot be computed before the observations
are available

Lo
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Pressure [hPa]

Nonlinear effects: the incremental approach

A Running incremental analysis updates is key to control nonlinearity in 4D-Var

A Can we see the limits of this approach yet?
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Difference between analysis increments computed by nonlinear and linearised
models 9 hours in the assimilation window (temperature ~5 hPa)
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Nonlinear Model tstep=450s; Linearised Model tstep=450s
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Nonlinear effects: the incremental approach

A Matching timesteps in outer/inner loops

Instrument(s): AQUA metop-a metop-b noaa-15 noaa-18 noaa—19 sky — AMSU-A
Area(s): N.Hemis S.Hemis Tropics
From 00Z 1-Nov-2016 to 1%2 10-Dec-2016
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Nonlinear effects: the incremental approach

A Incremental approach is very effective in tackling nonlinearity problems arising either from the
model and/or from the observations

A Its effectiveness is significantly enhanced by:
1. Increasing the number of outer loop re-linearisations
2. Matching outer/inner loop timesteps
3. Increased inner loops resolution

4. Tighter convergence criteria of the minimisation

AAl'l of the above steps require more time for doi
A éwhich means starting the analysis earlieré
Aéwhich means using |l ess observations

An impossible conundrum?
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Continuous data assimilation (Lean et al, 2018)

\ obs
Effective cut-off time
W Min(n-2) Min(n-1) m Extra obs, start earlier

A Key point: Start running data assimilation before all of the observations have arrived:
1. Most of the assimilation is removed from the time critical path

Current

2. Configurations which were previously unaffordable can now be considered

o~
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Additional observations assimilated in Continuous DA configuration
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Continuous DA: Forecast improvements
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Outline

A Non-Gaussianity

AN
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Non-Gaussianity

A The statistical interpretation of 4D-Var (and all other DA algorithms used in global NWP!) relies
on a Gaussian assumption about the sources of information and their evolution:

06) -6 6)E G 6) -B (6 00 (06 "00®))

A But what if these random variables (6 6 ) and (c') "O(0 )) are non-Gaussian?
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Non-Gaussianity

A From a theoretical perspective, the 4D-Var and the BLUE solution will be different:

Posterior mode (increm. 4D-Var)
BLUE (Ens. Kalman smoother)
True posterior mean

Hodyss Bishop andorzfeld
00025 05 o075 1 125 15 Tellus2016

Xo

A As importantly, the inverse of the Hessian of the cost function around the mode is a poor
estimator of the posterior covariance
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Non-Gaussianity

From a more practical point of view, will 4D-Var converge? What will it converge to?

160 —
140 —
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Non-Gaussianity: Observations

A Let us start by looking at the pdf of (6 Q0 )): Which errors contribute to it?

A standard derivation (e.g., Hoffman, 2018) leads to:
0O do) "M+'H "H €O 0),

where "His the instrument error, "H are the errors of the observation operator (including its linearization)

and "H are the errors due to the scale mismatch between observations and model (representativeness
error).

At the start of the minimizationd © 0

[ 6 'qo6) “H+"H “H é"H,]

Where “H is the background error.

Except for instrument errors, all other error sources in the background departures can potentially

introduce non-Gaussian errors (e.g., state-dependence of "H and "Hhnon-Gaussianity of "Hhstate-
dependence of G €& ) .
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Non-Gaussianity: Observations

I To quantify the distance of the observed pdf from the expected Gaussian distribution we use a
measure common in information theory, the Kullback' Leibler divergence (D)

I KLD measures the distance of the sample distribution Qto the prior distribution P by:
0 (V) 0(CY TP O(P
I When the prior distribution is a Gaussian, D, is called the negentropy of the sample distribution

I The negentropy is always positive and is equal to zero iff the sample Q is Gaussian almost
everywhere
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Non-Gaussianity: Observations
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