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3rd workshop on Physics Dynamics Coupling (PDC18)

F.Ghasemi & J.Nordström Coupled Problem PDC18 1 / 31



Outlines

Introduction and motivation

The coupled problem

The compressible Navier-Stokes equations
The incompressible Navier-Stokes equations

Interface conditions

Well-posedness

The fully discrete problem

Stability

Numerical results

F.Ghasemi & J.Nordström Coupled Problem PDC18 2 / 31



Introduction and motivation

If a well posed problem does not exist:

An accurate numerical approximation can be made.

A stable numerical approximation can be made.

An accurate and stable approximation can not be made.

Well-posedness is the most important point in coupling procedures.

Once well-posedness is established, stability follows almost
automatically by using the SBP-SAT technique.

In this talk we focus on well-posedness, and its link to stability.
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Coupled problem
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Figure: A schematic of the domains and interface y = 0.
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The compressible Navier-Stokes equations

The linearized and symmetrized compressible Navier-Stokes equations are

Ut + A1Ux + A2Uy = ε
(
F c
x + G c

y

)
. (1)

The viscous fluxes are given by

F c = A11Ux + A12Uy , G c = A21Ux + A22Uy ,

where U =

[
c̄ρ√
γ , ρ̄u, ρ̄v ,

ρ̄T

c̄
√

γ(γ−1)

]T
.
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The compressible Navier-Stokes equations

The coefficient matrices are:

A1 =


ū c̄√

γ 0 0

c̄√
γ ū 0 c̄

√
γ−1
γ

0 0 ū 0

0 c̄
√

γ−1
γ 0 ū

 , A11 =
1

ρ̄


0 0 0 0
0 λ+ 2µ 0 0
0 0 µ 0
0 0 0 γκ

Pr

 ,

A2 =


v̄ 0 c̄√

γ 0

0 v̄ 0 0
c̄√
γ 0 v̄ c̄

√
γ−1
γ

0 0 c̄
√

γ−1
γ v̄

 A22 =
1

ρ̄


0 0 0 0
0 µ 0 0
0 0 λ+ 2µ 0
0 0 0 γκ

Pr

 ,

A12 =AT
21 =

1

ρ̄


0 0 0 0
0 0 λ 0
0 µ 0 0
0 0 0 0

 .
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The incompressible Navier-Stokes equations

The linearized incompressible Navier-Stokes equations are:

ρ̂(ũx + ṽy ) =0,

ρ̂(ũt + ûũx + v̂ ũy ) =− p̃x + εµ̂(ũxx + ũyy ),

ρ̂(ṽt + ûṽx + v̂ ṽy ) =− p̃y + εµ̂(ṽxx + ṽyy ).

These equations can be rewritten, using (ũx + ṽy )x = (ũx + ṽy )y = 0, as

Ĩ3Vt + B1Vx + B2Vy = ε(F i
x + G i

y ), (2)

where the viscous fluxes are

F i = B11Vx + B12Vy , G i = B21Vx + B22Vy ,

and Ĩ3 = diag(0, 1, 1),V =
[
p̃, ρ̂ũ, ρ̂ṽ

]T
.
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The incompressible Navier-Stokes equations

The coefficient matrices are:

B1 =

0 1 0
1 û 0
0 0 û

 , B11 =
1

ρ̂

0 0 0
0 2µ̂ 0
0 0 µ̂

 ,
B2 =

0 0 1
0 v̂ 0
1 0 v̂

 , B22 =
1

ρ̂

 0 0 0
0 µ̂ 0
0 0 2µ̂

 ,
B12 =BT

21 =
1

ρ̂

 0 0 0
0 0 0
0 µ̂ 0

 .
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Interface conditions
The number of interface conditions

The energy method (multiplying the equations by UT and V T

respectively, and integrating over the spatial domains) leads to

d

dt
(‖U‖2

2 + ‖V ‖2
Ĩ3

) + 2εDI1 + 2εDI2 = −
∫ +L

−L
W TEW |y=0dx ,

‖U‖2 =

∫
Ωc

UTUdΩ, ‖V ‖Ĩ3 =

∫
Ωi

V T Ĩ3VdΩ

. W = [U, εG c , εG i ,V ]T

E =


−A2 Ĩ4 0 0

Ĩ4 0 0 0

0 0 0 −Ĩ3
0 0 −Ĩ3 B2

 , Ĩ4 = diag(0, 1, 1, 1).
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Interface conditions
The number of interface conditions

The matrix E has

5 five positive eigenvalues

4 zero eigenvalues

five negative eigenvalues

⇓
5 interface conditions are needed.
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Interface conditions
The form of interface conditions

~n

~̂n

xy−−−−→s
incompressible fluid

compressible fluid

interface

Figure: A sketch of a fluid-fluid interface seprating the two fluids.
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Interface conditions
The form of interface conditions

Physical intuition

Mass conservation
ρ̄~u · ~n = −ρ̂~̃u · ~̂n,

For viscous fluids, in the tangential direction, the no-slip condition
holds, i.e,

~u · ~s = ~̃u · ~s,
Conservation of momentum

σ~n = −σ̃~̂n, σ = pI2 − ετ, σ̃ = p̃I2 − ετ̃ ,

where

τ =

[
2µux + λ(ux + vy ) µ(uy + vx)

µ(uy + vx) 2µvy + λ(ux + vy )

]
,

τ̃ =

[
2µ̂ũx µ̂(ũy + ṽx)

µ̂(ũy + ṽx) 2µ̂ṽy

]
.
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Well-posedness
The energy method

At the interface y = 0, we have ~n = [0, 1]T , ~̂n = [0,−1]T and ~s = [1, 0]T

and the interface conditions become

ρ̄v =ρ̂ṽ ,

u =ũ,

p − 2εµvy − ελ(ux + vy ) =p̃ − 2εµ̂ṽy ,

εµ(uy + vx) =εµ̂(ũy + ṽx).

(3)
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Well-posedness

We derive the energy rate in the semi-norm

‖V ‖2
H =

∫
Ωi

V THĨ3VdΩ, , H = diag(1, δ1, 1).

Applying the energy method and inserting the conditions (3) leads to

d

dt
(‖U‖2

2 + ‖V ‖2
H)+2ε(DI1 + D̃I 2)=+

∫ +L

−L

2ερ̄κ

Pr c̄2(γ − 1)
TTy

∣∣
y=0

dx

−εµ
∫ +L

−L

(
(ρ̄u − δ1ρ̂ũ)(ux + vy )

)∣∣∣∣
y=0

dx .
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Well-posedness

The specific choice

δ1 =
ρ̄

ρ̂
,

yields

d

dt
(‖U‖2

2+‖V ‖2
H) + 2εDI1 + 2εDI2 =

∫ +L

−L

2ερ̄κ

Pr c̄2(γ − 1)
TTydx .

=⇒ one more condition is needed, as previously indicated.
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Well-posedness
The energy method

We add on the decoupled heat equation for the incompressible fluid

ρ̂(T̃t + ûT̃x + v̂ T̃y ) =
εκ̃

P̃r
∆T̃ , P̃r =

µ∞c̃p
κ∞

.

By adding the heat equation, six interface conditions are needed.
We use the continuity of temperature and fluxes across the interface

T = T̃ , κTy = κ̃T̃y .
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Well-posedness

Updated interface conditions

φ = φ̃, φ =



u
p − 2εµvy − ελ(ux + vy )

ρ̄v
µ(uy + vx)

T
κTy

 , φ̃ =



ũ
p̃ − 2εµ̂ṽy

ρ̂ṽ
µ̂(ũy + ṽx)

T̃

κ̃T̃y

 .

φ =HU, H = H0 + Hx
∂

∂x
+ Hy

∂

∂y
,

φ̃ =H̃V , H̃ = H̃0 + H̃x
∂

∂x
+ H̃y

∂

∂y
,
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Well-posedness
The energy method

The energy rate will be derived in the new expanded semi-norm

‖V ‖2
H =

∫
Ω2

V THĨ4VdΩ, H = diag(1, δ1, 1, δ2),

Applying the energy method and inserting the interface conditions, leads to

d

dt
(‖U‖2

2 + ‖V ‖2
H) + 2εDI1 + 2εD̃I 2 = RHS ,

where

RHS = −2κε

∫ +L

−L
TTy

(
ρ̄

Pr c̄2(γ − 1)
− δ2ρ̂

P̃r

)∣∣∣∣
y=0

dx .

The specific choice

δ2 =

(
ρ̄

ρ̂

)(
P̃r

Pr

)
1

c̄2(γ − 1)
,

leads to RHS = 0.
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The fully discrete problem
SBP-SAT technique

Definition 1

Ut =DtU = (Dt ⊗ I4)U ≈ Ut , Dt =P−1
t Qt ⊗ Ix ⊗ Iy ,

Ux =DxU = (Dx ⊗ I4)U ≈ Ux , Dx =It ⊗ P−1
x Qx ⊗ Iy ,

Uy =DyU = (Dy ⊗ I4)U ≈ Uy , Dy =It ⊗ Ix ⊗ P−1
y Qy ,
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The fully discrete problem
SBP-SAT technique

The fully discrete SBP-SAT approximation of problems (1) and (2) are

DtU+[Dx ⊗ A1 + Dy ⊗ A2]U− ε(DxF
c +DyG

c) = S + St ,
D̃tV+[D̃x ⊗ B1 + D̃y ⊗ B2]V− ε(DxF

i +DyG
i ) = S̃ + S̃t ,

S and S̃ are given by

S =(It ⊗ Ix ⊗ P−1
y E0 ⊗ I4)ΣΣΣ(φφφ0 − φ̃φφM),

S̃ =(It ⊗ Ix ⊗ P−1
y EM ⊗ I4)Σ̃ΣΣ(φ̃φφM −φφφ0),

where

φφφ0 = (It ⊗ Ix ⊗ E0 ⊗ I6)HU, φ̃φφM = (It ⊗ Ix ⊗ EM ⊗ I6)H̃V.

St and S̃t are given by

St =(P−1
t E0 ⊗ Ix ⊗ Iy ⊗ I4)ΣΣΣc

t (U− fc),

S̃t =(P−1
t E0 ⊗ Ix ⊗ Iy ⊗ I4)ΣΣΣi

t(V− fi ),
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Stability

Applying the discrete energy method leads to

‖UK‖2
Pxy⊗I4+‖VK‖2

Pxy⊗HĨ4
+ 2εDI1 + 2εD̃I2 = IF + IT,

where

IF = UT (Pt ⊗ Px ⊗ E0 ⊗ A2)U− 2εUT (Pt ⊗ Px ⊗ E0 ⊗ I4)Gc

+UT (Pt ⊗ Px ⊗ E0 ⊗ I4)ΣΣΣ(φφφ0 − φ̃φφM)

+
(
UT (Pt ⊗ Px ⊗ E0 ⊗ I4)ΣΣΣ(φφφ0 − φ̃φφM)

)T
−VT (Pt ⊗ Px ⊗ EM ⊗HB2)V + 2εVT (Pt ⊗ Px ⊗ EM ⊗H)Gi

+VT (Pt ⊗ Px ⊗ EM ⊗H)Σ̃ΣΣ(φ̃φφM −φφφ0)

+
(
VT (Pt ⊗ Px ⊗ EM ⊗H)Σ̃ΣΣ(φ̃φφM −φφφ0)

)T
.

(4)
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Stability

Proposition 1

By choosing the penalty matrices as

ΣΣΣ = HT (I ⊗ (A− A+

2
)), Σ̃ΣΣ = −(I ⊗H−1)H̃

T
(I ⊗ A+

2
),

where

A =



0 0 0 ρ̄ 0 0
0 0 −1 0 0 0
0 −1 0 0 0 0
ρ̄ 0 0 0 0 0

0 0 0 0 0
ερ̄

Pr c2(γ − 1)

0 0 0 0
ερ̄

Pr c2(γ − 1)
0


= A+ + A−,

the interface term will be non-positive, i.e. IF ≤ 0.
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Stability

Proposition 2

Choosing the penalty matrices as

Σc
t = −I4, Σi

t = −Ĩ4,

yields

IT= ‖fc0‖2
Pxy⊗I4 +‖fi0‖2

Pxy⊗HĨ4
− ‖U0− fc0‖2

Pxy⊗I4 − ‖V0 − fi0‖2
Pxy⊗HĨ4

≤‖fc0‖2
Pxy⊗I4 +‖fi0‖2

Pxy⊗HĨ4

Proposition (1) and Proposition (2) ⇒ Stability.
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Numerical results

The rates of convergence are computed as

q =
log(

Ej

Ej+1
)

log(
Nj+1

Nj
)
,

where Ej is the norm of the error between the approximated and exact
solution. Nj denotes the number of grid points at level j .
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Numerical results

N = M 20 30 40 50

ρ 6.389 3.508 4.494 4.794
ρ̄u 5.657 2.910 3.856 4.160
ρ̄v 6.101 3.047 3.977 4.271
T 4.886 2.955 3.748 4.061

p̃ 5.782 3.654 4.539 4.900
ρ̂ũ 5.432 3.108 3.852 4.160
ρ̂ṽ 5.746 3.246 3.933 4.192

T̃ 5.515 3.186 3.915 4.211

Table: Convergence rates at t = 1, SBP(6,3) in space, SBP(8,4) in time.
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Numerical results
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Figure: Temperature error at x = 1
2 and N = M = 20.
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Numerical results
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Figure: Temperature error at x = 1
2 and N = M = 50.
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Numerical results

Figure: A sequence of computed temperature with for different times using
M = N = 50 grid points and third order operators.
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Numerical results

Figure: A sequence of computed temperature with for different times using
M = N = 50 grid points and third order operators.
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Summary and conclusions

We have discussed the coupling of compressible and incompressible
Navier-Stokes equations

The decoupled heat equation was added to the incompressible
equations in order to obtain a sufficient number of interface conditions

It was shown that the coupled problem with the physical interface
conditions satisfy an energy estimate

Stability and accuracy followed immediately form the well-posedness
results using SBP-SAT technique

The convergence rates were verified by the method of manufactured
solutions and the results were consistent with the theory within the
SBP framework
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Thank you for listening!
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