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ABSTRACT

This paper summarizes, and slightly extends, the key results of two recent publications (Klein et al., JAS, 2010
and Achatz et al., JFM, 2010).

Soundproof atmospheric flow models are considered attractive for two reasons: (i) Since acoustic modes are likely
of negligible influence in atmospheric dynamics, sound-proof models have the advantage of a clear-cut focus on
the essentials of such flows. (ii) Although several numerical schemes for the compressible atmospheric flow
equations are being used in production codes, uncertainties w.r.t. their robustness, accuracy, or flexibility remain.

Ogura and Phillips’ (1962) derivation of their anelastic model requires the dimensionless stability of the back-
ground state to be of the order of the Mach number squared, i.e., (hsc/θ)dθ/dz = O(ε2) as ε → 0. This guar-
antees the characteristic time scales of advection and internal waves to be of the same order of magnitude in the
Mach number, ε . Assuming the flow evolution to develop on this time scale only, they asymptotically eliminate the
fast sound waves and arrive at the anelastic model featuring internal waves and advection only. For typical values
ε ∼ 1/30, however, the model implies unrealistically weak vertical variation of potential temperature across the
troposphere of less than one Kelvin. Later generalizations of the anelastic model (Dutton & Fichtl (1969), Lipps
& Hemler (1982)), and Durran’s pseudo-incompressible model (Durran 1989) are argued to be valid for stronger
stratification, yet their derivations do not account for the fact that one must deal with three separated time scales
for sound, internal waves, and advection in this case.

Klein et al. (2010) address this issue and show that the Lipps & Hemler anelastic model and Durran’s pseudo-
incompressible model should be valid up to stratifications (hsc/θ)dθ/dz < O(ε2/3) corresponding to vertical
variations of potential temperature of ∆θ

∣∣hsc
0 < 30...50 K. Achatz et al. (2010) study, i.a., the evolution of large

amplitude, short wave internal wave packets using WKB theory. They show that the pseudo-incompressible model
is asymptotically consistent with the compressible Euler equations even for leading-order stratifications in the
considered WKB regime. In contrast, they find this not to be true for the Lipps & Hemler anelastic model, whose
asymptotics differs in the first-order terms. We show in the present paper that the anelastic model does correctly
represent the amplification of wave packets as they travel upwards in the atmosphere, but that the excitation of
higher harmonics and the wave-meanflow-interactions are not consistent with the asymptotics of the compressible
Euler and pseudo-incompressible models.

1 Introduction

1.1 Why don’t we “simply” solve the compressible flow equations?

The numerical approximation of the nonlinear advection terms in the compressible or sound proof flow
equations is computationally expensive, especially when multiple advected species need to be accounted
for. It is thus desirable to invoke these advection schemes no more often than needed to achieve the
targeted advection accuracy, i.e., at effective advection CFL numbers of order unity. Two types of
approaches to such large time step methods are currently implemented in production codes: split explicit
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and semi-implicit schemes (see, e.g., Klemp et al., 2007; Jebens et al., 2009; Reich, 2006; Durran, 2010,
and references therein).

We concentrate here on semi-implicit methods, which are designed to allow for time steps corresponding
to large acoustic, but order unity advective CFL numbers. One principal potential problem with such
schemes is elucidated in Fig. 1. We have solved the, appropriately non-dimensionalized, linear acoustic
equations

ut + px = 0 , pt +ux = 0 (1)

on x ∈ [−1/2,1/2], with periodic boundary conditions, and simple wave initial data

u(0,x) = U
(

exp
(
−
[ x−x1

σ

]2)+ exp
(
−
[ x−x2

σ

]2)cos
(
2π

x−x2
`

))
,

p(0,x) = u(0,x) ,
[U,x1,x2,σ , `] = [1,0.25,−0.25,1/10,1/70] ,

(2)

using the implicit midpoint rule. This is an energy preserving symplectic second order accurate solver,
which should thus be well suited for solving problems with long-time oscillatory solutions, (Hairer et al.,
2006).

The figure shows the pressure distributions at times t = 0, t = 2.5, and t = 3. In the exact solution, the
initial distribution moves to the right, passes the domain three times, and by time t = 3 has returned to
its initial position. Thus, for the exact solution the distributions at the top and bottom of Fig. 1 would be
indistinguishable. As becomes evident from the middle figure (t = 2.5), the modulated short wave packet
is almost stationary in the numerical solution, whereas the long wave pulse starting out at x = 0.25 is
moving at roughly the correct speed while being distorted by weakly dispersive effects.

We conclude that the implicit midpoint rule achieves its unconditional stability w.r.t. the CFL number
by slowing down the rapidly oscillating modes, while maintaining the mode amplitudes. In the con-
text of a full-fledged semi-implicit atmospheric flow solver, such behavior would be dangerous in the
following way. Any small scale disturbance induced, e.g., by the action of subgrid scale parameteriza-
tions would be interpreted, at least partially, as short wave sound by the discretization with its amplitude
maintained in time. As time progresses, such short wave perturbations can amplify and generate an
entirely unphysical distribution of potentially amplifying, nearly stagnant fake acoustic patterns.

There are various remedies to this problem, such as sacrificing second order accuracy and “off centering”
of the time discretization (this corresponds roughly with blending the implicit midpoint rule and the
first order accurate implicit Euler method), or adopting dissipative numerical schemes such as BDF2
(backward differencing formula, second order). Yet, as long as the way in which such schemes control
the underresolved acoustic modes and their interaction with diabatic subgrid scale parameterizations
is not clarified analytically, there remains an uncertainty regarding how such interactions may affect
atmospheric flow integrations over thousands of time steps.

An alternative that obviously does guarantee the absence of fake sound modes in atmosphere simulations
consists of adopting a sound-proof flow model in the first place. Here, however, one must understand
the regime of validity of such models, and this is what is discussed in this paper

1.2 Anelastic and pseudo-incompressible models

1.2.1 Design regime

Ogura and Phillips (1962) derived the original anelastic model through systematic formal asymptotics
using the flow Mach number as the expansion parameter, so that M = ε� 1. To arrive at a reduced model
that would have internal waves and advection feature comparable time scales, Ogura and Phillips had to
adopt a distinguished limit stating that the dimensionless stability of the background state be of the order
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Figure 1: Initial data (top) and numerical solutions on 512 grid cells with CFL = 10 based on the
implicit midpoint rule at times t = 2.5 (middle) and t = 3 (bottom) for the linear acoustics test from
(1), (2)
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Table 1: Characteristic inverse time scales

dimensional dimensionless

advection :
uref

hsc
1

internal waves : N =

√
g
θ

dθ

dz

√
ghsc

uref

√
hsc

θ

dθ

dz
=

1
ε

√
hsc

θ

dθ

dz

sound :
√

ghsc

hsc

√
ghsc

uref
=

1
ε

of the Mach number squared. For typical flow Mach numbers of ε ∼ 1/30 this amounts to total variations
of potential temperature across the troposphere of less than one Kelvin, i.e., to unrealistically weak
stratification. Various generalizations of the original anelastic model have been proposed to remedy this
issue, e.g., by Dutton & Fichtl (1969), and Lipps & Hemler (1982). Durran (1989) proposed the pseudo-
incompressible model following the same goals, but a somewhat different route of argumentation.

Sound-proof models should describe atmospheres vertically covering at least a typical pressure scale
height, hsc ∼ 10 km, and non-hydrostatic flow regimes with horizontal scales down to 10 km or less (cf.,
Bannon, 1996). Thus the characteristic vertical as well as horizontal length scales for the design regime
of these models are comparable to the pressure scale height, hsc. Table 1 displays the inverse characteris-
tic times of sound propagation, internal waves, and advection in dimensional and non-dimensional form.
The formulae reveal that an asymptotic single time scale model which resolves the advection time scale
and includes internal waves at the same time must involve weak stratifications, (hsc/θ)dθ/dz = O(ε2),
in line with Ogura and Phillips’ argumentation. For typical flow Mach numbers of ε ∼ 1/30 such strat-
ifications amount to total variations of potential temperature across the troposphere of less than one
Kelvin, i.e., to unrealistically weak stratification as discussed above. According to Table 1 any stronger
stratification with

hsc

θ

dθ

dz
= O(εµ) where 0 < µ < 2 (3)

will induce a three–time scale asymptotic limit so that

tac� tint� tadv with tac = O(ε tadv) , tint = O(ε1−µ/2 tadv) . (4)

Sound-proof models derived for such a regime of stratifications will thus constitute asymptotic two-
scale models in time, retaining a scale separation between the internal and advection time scales. In
deriving their models, Dutton and Fichtl (1969), Lipps and Hemler (1982), Durran (1989), and Bannon
(1996) provide a range of physical arguments for their validity. Yet, the two–time scale nature of the
resulting sound-proof models for stratifications within the regime from (3) is not addressed. Neither
have we found the internal–wave/Lagrangian time scale separation addressed in more recent scaling
or asymptotic analyses of Davies et al. (2003) and Almgren et al. (2006). At the same time, numerical
experience indicates that sound-proof models work well on a much broader range of scales and problems
than would be anticipated based on theoretical arguments (cf. Prusa et al., 2008, and references therein).

The presence of multiple scales in the sound-proof models is, nevertheless, an issue, because both the
spatial structures and frequencies of internal waves featured by the sound-proof models only approxi-
mate those represented by the full compressible flow equations. As a consequence, there are two nec-
essary conditions for the validity of the sound-proof models over the targeted advective time scales: (a)
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the spatial structures of corresponding internal wave eigenmodes of the sound-proof and compressible
systems should be asymptotically close as ε→ 0; and (b) the accumulation of phase differences between
such sound-proof and compressible internal waves should remain asymptotically small at least over the
advective time scale.

Motivated by these considerations, Klein et al. (2010) consider atmospheres with stratifications in the
regime from (3), compare the internal wave eigenmode structures of the compressible Euler equations
and selected sound-proof models, assess the approximation errors due to “sound-proofing” for both the
spatial eigenmodes and the associated frequencies in terms of the Mach number, and demonstrate that
internal wave solutions of the sound-proof and compressible models remain asymptotically close for
t = O(tadv) for sufficiently weak stratification. Specifically, for both Lipps & Hemler’s and Durran’s
sound-proof models they find a corresponding bound on the stratification,

hsc

θ

dθ

dz
= O(εµ) with µ >

2
3

. (5)

This corresponds to realistic stratifications with ∆θ
∣∣hsc

0 = 30...50 K over 10...15 km.

1.2.2 Large amplitude internal wave packets

Being interested in the breaking of relatively short wave internal waves at high altitudes in the strato-
sphere, Achatz et al. (2010) refine existing WKB theories to cover large amplitude internal wave packets
with characteristic lengths `� hsc, which may travel over distances comparable to the potential tem-
perature scale height, i.e., L ∼ Hθ . We note that for weak stratification one has, Hθ � hsc, while for
order one stratification, Hθ ∼ hsc. The study shows that Durran’s pseudo-compressible model has the
exact same leading and first order accurate large amplitude WKB theory as the full compressible flow
equations no matter what is the background stratification. In contrast, for the Lipps & Hemler anelastic
model there is a difference in the first order asymptotics involving – not surprisingly – the velocity diver-
gence. Achatz et al. (2010) show explicitly that the excitation of higher harmonics and the wave-mean
flow interaction terms differ for the anelastic model.

In the present paper we compare the WKB expansions for the Lipps-Hemler anelastic and pseudo-
incompressible models and show that – somewhat surprisingly – they do not differ with respect to
the amplification of a wave packet as it travels vertically in the atmosphere to regions of low density,
even though this is a first-order effect. The reason is some subtle cancellation associated with the
simultaneous change from one model to the other of both the nonlinear pressure gradient terms in the
momentum equations and the divergence constraint.

1.3 Structure of this paper

Section 2, following (Klein et al., 2010), discusses asymptotic constraints on the validity of the Lipps &
Hemler anelastic and pseudo-incompressible models in their design regime, which involves horizontal
and vertical length scales comparable with the pressure scale height (≈ 10 km) and time scales up to
and including the associated characteristic advection time. Section 3, following and slightly extending
results from (Achatz et al., 2010), considers the the WKB theory of short wavelength internal wave
packets, including equations for their amplification at high altitudes, and it discusses the validity of the
said sound-proof models as a function of the background potential temperature stratification. Section 4
summarizes our main conclusions.
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2 Sound-proof models in their design regime

2.1 Model equations

Ignoring coriolis effects and non-resolved-scale closures, the compressible, pseudo-incompressible, and
the Lipps & Hemler anelastic model equations – suitably non-dimensionalized – read,

Compressible Euler equations

ρt +∇ ·(ρv) = 0 (6a)

(ρv)t +∇ ·(ρv◦v)+P∇π = −ρk (6b)

Pt +∇ ·(Pv) = 0 (6c)

Pseudo-incompressible model

ρt +∇ ·(ρv) = 0 (7a)

(ρv)t +∇ ·(ρv◦v)+P∇π = −ρk (7b)

∇ ·(Pv) = 0 (7c)

Lipps & Hemler anelastic model

∇ ·(ρv) = 0 (8a)

(ρv)t +∇ ·(ρv◦v)+ρ∇π̂ = ρ
θ −θ

θ
k (8b)

(ρθ)t +∇ ·(ρθv) = 0 (8c)

Here (ρ,v) are the density and flow velocity, P = p1/γ = ρθ is a modified thermodynamic pressure
variable, θ the potential temperature, and π = pκ/κ where κ = (γ−1)/γ , and γ = cp/cv is the ratio of
the specific heat capacities. In the pseudo-incompressible model from (7), the thermodynamic pressure
field is considered fixed and varying in the vertical only, so that P ≡ P(z). In contrast, for the anelastic
model in (8) the density is frozen in time and prescribed as a function of the vertical only, so that
ρ ≡ ρ(z).

As regards the chosen non-dimensionalization, let an asterisc denote dimensional variables. Then the
dimensionless quantities appearing in (6) are defined as

t =
t∗cref

hsc
, x =

x∗

hsc
, ρ =

ρ∗

ρref
, p =

p∗

pref
, v =

v∗

cref
, ρθ = p1/γ , (9)

where cref =
√

pref/ρref and hsc = pref/ρref g, and where pref,ρref, and g denote the sea-level pressure,
the corresponding density at a temperature of 300 K, say, and the acceleration of gravity, respectively.

In all three cases, θ(z) is the mean background potential temperature distribution which defines the
background pressure variable, P(z), and the background density, ρ(z), via d p/dz = −ρ g, p(0) = 1,
ρθ = P, and P≡ p1/γ . For later reference we note the exact solution,

p(z) = P(z)
γ

=
[
κπ(z)

] 1
κ , ρ(z) = P(z)/θ(z) , where π(z) =

1
κ
−

z∫
0

1
θ(ζ )

dζ . (10)

We also note that in the anelastic model (8) the pressure-related quantity π̂ is defined as

π̂ =
p− p

ρ
, (11)

i.e., it is a density-scaled perturbation of the pressure, p, but not of the Exner pressure, π .
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2.2 Scaled variables

The subsequent scale analysis is facilitated by rewriting (6) in a non-conservative (advective) perturba-
tional form with the primary unknowns

θ
′ = θ −θ(z) , v , π

′ = π−π(z) . (12)

The hydrostatic background variables satisfy

dπ/dz = 1/θ with π(0) = 1/κ . (13)

This yields the equivalent advective form of the compressible Euler equations

θ
′
t +v ·∇θ

′+w
dθ

dz
= 0 (14a)

vt +v ·∇v+(θ +θ
′)∇π

′ =
θ ′

θ
k (14b)

π
′
t +v ·∇π

′+w
dπ

dz
+ γκ(π +π

′)∇ ·v = 0 (14c)

A further transformation of variables reveals the asymptotic scalings in terms of the Mach number, ε .
We nondimensionalize time by a characteristic advection time scale, so that

τ = ε t (15)

and let

θ(t,x,z;ε) = 1+ ε
µ

Θ(z)+ ε
µ+ν

θ̃(τ,x,z;ε) (ν = 1−µ/2) (16a)

π(t,x,z;ε) = π(z)+ ε π̃(τ,x,z;ε) (16b)

v(t,x,z;ε) = ε ṽ(τ,x,z;ε) (16c)

The velocity, v, was nondimensionalized by
√

pref/ρref, which is comparable to the sound speed; where-
upon the scaling in (16c) implies low Mach number flow when ε � 1. The representation of the back-
ground potential temperature stratification,

θ(z) = 1+ ε
µ

Θ(z) , (17)

follows from the stratification regime in (3). The exponent ν determines the scaling of the dynamic
potential temperature perturbations. Its specific value as given in (16a) implies the correct scaling for
internal gravity waves as we will see shortly. Furthermore, π(z) denotes the background Exner pressure
distribution given the stratification from (3). We assume a pressure perturbation amplitude of the order
of the Mach number, O(ε), so as to not preclude leading-order acoustic modes at this stage.

For compressible flows, the new variables θ̃ , π̃, ṽ satisfy

θ̃τ +
1

εν
w̃

dΘ

dz
= −ṽ ·∇θ̃ (18a)

ṽτ −
1

εν

θ̃

θ
k+

1
ε

(1+ ε
µ

Θ)∇π̃ = −ṽ ·∇ṽ− ε
1−ν

θ̃∇π̃ (18b)

π̃τ +
1
ε

(
γκπ∇ · ṽ+ w̃

dπ

dz

)
= −ṽ ·∇π̃− γκπ̃∇ · ṽ (18c)

These equations are obtained from a straightforward equivalent transformation of the compressible flow
equations in (6) without any asymptotic simplifications.
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Table 2: Switching parameters in eqn. (19).

model A B C

compressible 1 1 0

pseudo-incompressible 0 1 0

anelastic 0 0 1

Besides the tendencies of temporal change, there are three groups of terms in (18): the terms multiplied
by ε−ν induce internal waves, the terms multiplied by ε−1 represent the acoustic modes, and the terms
on the right hand side cover all nonlinearities. In fact, all terms on the left hand sides are linear in the
unknowns. Notice that all terms on the right are non-singular as ε → 0, i.e., they are O(εα) with α ≥ 0.
This clean Mach number scaling of acoustic, internal wave, and nonlinear (advective) terms justifies in
hindsight the choice ν = 1−µ/2 introduced earlier.

2.3 Internal gravity waves

2.3.1 Gravity wave scaling

The compressible flow equations from (18) feature three distinct time scales for sound propagation, τ =
O(ε), for internal waves, τ = O(εν), and for advection, τ = O(1). In this section we consider solutions
that do not feature sound waves but evolve on time scales comparable to the internal wave time scale.
The only “sound-term” of order O(ε−1) in the momentum equation is the one involving the pressure
gradient. This term will reduce to order O(ε−ν), and thus induce changes on the internal wave time
scale only, provided that the pressure perturbations satisfy π̃ = ε1−νπ∗ with π∗ = O(1). By introducing
this additional rescaling of the pressure fluctuations and by adopting an internal wave time coordinate
ϑ = ε−ντ , the compressible, pseudo-incompressible, and anelastic systems can be represented as

θ̃ϑ + w̃
dΘ

dz
= −ε

ν ṽ ·∇θ̃ (19a)

ṽϑ −
θ̃

θ
k+(1+B ε

µ
Θ)∇π

∗ = −ε
ν ṽ ·∇ṽ−Bε

µ+ν
θ̃∇π

∗ (19b)

Aε
µ

π
∗
ϑ −Cε

µ γκπ

θ
w̃

dΘ

dz
+
(

γκπ∇ · ṽ+ w̃
dπ

dz

)
= −Aε

µ+ν (ṽ ·∇π
∗+ γκπ

∗
∇ · ṽ) (19c)

with the choices of the switching parameters as summarized in Table 2.

We observe that in the gravity wave scaling all differences between the compressible model on the one
hand and both of the sound-proof models on the other hand are of order O(εµ) or smaller, i.e., at least
of the order of the stratification strength. At leading order in ε , all models agree from a formal scaling
perspective. Differences arise, formally, at O(εµ) on the internal wave time scale with ϑ = O(1).

2.3.2 Regime of validity for the background stratification

The leading perturbation terms in (19) involve terms of order O(εµ) in the linearized part on the left,
and terms of order O(εν) in the nonlinear part of the equations on the right. This suggests that for
µ < ν , i.e., for εµ � εν , the linearized internal wave eigenmodes and eigenvalues of the three systems
differ by O(εµ) only, and the nonlinearities represent even higher-order effects. In this setting, we may
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expect solutions of the three models that start from comparable internal wave initial data to remain close
with differences of order O(εµ) over the internal wave time scale with ϑ = O(1). Yet, we are really
interested in flow evolutions over advective time scales with τ = ενϑ = O(1). Over such longer time
scales, the expected differences in the internal wave eigenfrequencies of order O(εµ) will accumulate
to phase shifts of order εµ ·ϑ = O(τ ·εµ−ν) = O(εµ−ν). As a consequence, the linearized internal
wave solutions of the three models should remain asymptotically close even over advective time scales
provided

ε
µ−ν = ε

3
2 µ−1 = o(1) as ε → 0 or µ >

2
3

. (20)

For any stratifications weaker than dθ/dz = O(ε2/3), the internal wave dynamics of the compressible,
pseudo-incompressible, and anelastic models should remain asymptotically close in terms of the flow
Mach number over advective time scales. This is a considerable improvement over the original Ogura
& Phillips’ condition for the validity of their anelastic model which requires that dθ/dz = O(ε2). For
ε ∼ 1/30 the Ogura & Phillips’ estimate amounts to potential temperature variations of the order of
∆θ |hsc

0 ∼ 0.33 K over the pressure scale height, whereas our new estimate implies validity of the sound-
proof models even if

∆θ |hsc
0 ∼ θrefhsc ·

1
θ ∗

dθ ∗

dz∗
= Tref

1
θ

dθ

dz
∼ 300 K ·(1/30)2/3 ∼ 30 K , (21)

where the asterisc denotes dimensional quantities.

Since all three models feature the same leading nonlinearities, we expect asymptotic agreement of the so-
lutions over advective time scales as long as the fast linearized dynamics do not already lead to leading-
order deviations between the model results, i.e., as long as µ > 2/3.

2.3.3 Vertical mode decomposition and Sturm-Liouville eigenvalue problem

Assuming rigid-wall top and bottom boundaries at z = 0 and z = H = O(1), respectively, and seeking
horizontally travelling waves(

θ̃ , ũ, w̃,π∗
)

(ϑ ,x,z) =
(

θ̌ , ǔ, w̌, π̌
)
(z) exp(i [ωϑ −λ ·x]) , (22)

the linearized version of (19) yields, after elimination of θ̌ , ǔ, and π̌ a Sturm-Liouville-type equation for
a scaled vertical velocity structure function W (z),

− d
dz

(
1

λ 2−Aεµ/Λc2 φBC
dW
dz

)
+φBC W = Λ (N2

φBC) W (23)

with boundary conditions
W (0) = W (H) = 0 . (24)

Here we have used the following abbreviations

φBC =
θ

C

θ
B
P

, c2 =
γ p
ρ

, N2 =
1
θ

dΘ

dz
, (25)

and

Λ =
1

ω2 , W =
{

Pw̌ compressible or pseudo-incompressible
ρw̌ anelastic

. (26)

Here θ
B

and θ
C

are to be read as “θ to the power B and C”, respectively. (Notice that there is a
typographical error in (Klein et al., 2010) in the first equation of (25).)
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For A = 0, i.e., for either the anelastic or the pseudo-incompressible model, and for any fixed horizontal
wave number vector, λ , eqs. (23), (24) represent a classical Sturm-Liouville eigenvalue problem with
the following two key features: (i) There is a sequence of eigenvalues and associated eigenfunctions,
(Λ0

k ,W
0
k )∞

k=0 satisfying 0 < Λ0
0 < Λ0

1 . . . , and Λ0
k → ∞ as k → ∞. Here k = 0 represents the leading,

vertically non-oscillatory mode, and the eigenmodes oscillate more strongly with higher k, and (ii) the
(W 0

k )∞
k=0 form an orthonormal basis of a Hilbert space of functions f : [0,H] 7→ IR with scalar product

〈U,V 〉=
∫ H

0 U (N2φBC) V dz.

We conclude that the two sound-proof models considered here feature well-defined internal wave modes,
one such hierarchy of eigenvalues and vertical structures for each wave number vector, λ . The only
differences in the linearized eigenmodes between the pseudo-incompressible and the present anelastic
model consist of the scaling factor of θ = P/ρ in the definition of the structure function W (z) in (26),
and of the slightly different way in which the background potential temperature distribution enters the
Sturm-Liouville equation according to (25). The compressible and pseudo-incompressible models share
the definition of both W and φBC.

As regards the eigenvalues and eigenfunctions for the compressible case, one must distinguish, going
back to (23), the cases εµ/Λc2� 1 and εµ/Λc2 ≥ O(1). The former corresponds to internal waves of
the compressible system, whereas the latter represents acoustic modes. For the internal wave modes,
two of the authors of (Klein et al., 2010) proved rigorously that the difference between the eigenvalues
and eigenfunctions of the compressible, anelastic, and pseudo-incompressible systems are of the order
O(εµ) as ε → 0. The proof takes advantage of the fact that the eigensolutions depend smoothly on
the parameters of a regular Sturm-Liouville problem. This corroborates the analysis on the regime of
validity of the sound-proof models w.r.t. the background potential temperature stratification in section
22.32.3.2.

Klein et al. (2010) provide a few explicit computational examples of eigenmodes and eigenfunctions
spanning a range of horizontal wavenumbers and vertical mode numbers that roughly cover the design
regime with characteristic length scale L∼ hsc. Across the board they find surprisingly good agreement
of relative deviations between the sound-proof and compressible results. Given values of εµ ∼ 0.1, the
relative errors in the eigenvalues were generally O(10e−3) and less.

2.3.4 The long-wave limit

Equation (23), at a first glance, suggests that compressibility may play less of a subordinate role for
large-scale internal gravity waves with |λ | � 1 as in this case the two terms in the denominator of
the first term, λ 2− εµ/Λc2, could become comparable. Multiplying (23) by λ 2 one obtains a rescaled
eigenvalue problem for Λ∗(λ ) = λ 2Λ,

− d
dz

(
1

1− εµ/Λ∗(λ )c2 φ
dW
dz

)
+λ

2
φ W = Λ

∗(λ ) (N2
φ) W . (27)

As λ 2→ 0, the equation approaches a well-defined limit in which the second term on the left vanishes
asymptotically, and the term εµ/Λ∗c2 remains a small perturbation in the denominator of the second-
derivative term. As a consequence,

λ
2
Λk→ Λ

∗
k(0) as |λ | → 0 , (28)

where Λ∗k(0) is an eigenvalue of the limit problem,

− d
dz

(
1

1− εµ/Λ∗(λ )c2 φ
dW
dz

)
= Λ

∗(λ ) (N2
φ) W (29)

with the same rigid-wall boundary conditions. To capture the behavior of internal waves at large hori-
zontal scales, Coriolis effects must be accounted for in addition in the future.
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3 Nonlinear WKB theory for internal wave packets

Here we recall recent work by Achatz et al. (2010) who study internal gravity wave packets with ampli-
tudes near the threshold of wave breaking and wavelengths, `, satisfying

khsc =
2π

`
hsc = O(δ−1) as (δ → 0) . (30)

These authors perform a WKB analysis showing that the compressible Euler and pseudo-incompressible
models have the exact same leading-order asymptotics in the considered regime, whereas results from
the Lipps and Hemler anelastic model are argued, without explicit calculations being shown, to differ in
terms of the leading nonlinear effects concerning the wave-mean flow interaction and the generation of
higher harmonic WKB modes.

Here we repeat the main steps of their analysis but focus on the difference between the anelastic and
pseudo-incompressible models. The compressible Euler equations need not be considered anymore, as
up to the order considered, their asymptotics is equivalent to that of the pseudo-incompressible model.

We start by reiterating the scalings of the flow variables considered in (Achatz et al., 2010). The velocity
amplitudes associated with the near-breaking regime are estimated by requiring that over the character-
istic internal wave oscillation time, represented by the Brunt-Väisälä frequency, Tint ∼ 2πN−1 where

N =
√

g/θ dθ/dz, particles get displaced by distances comparable to the typical wavelength in the
wave packet. Thus, if wref denotes a characteristic vertical perturbation flow velocity, one has

2πwref

N
∼ ` = 2πδhsc or wref ∼ δNhsc for some δ � 1. (31)

For the flow Mach number this implies

ε
2 =

w2
ref

c2
ref
∼ δ

2 N2h2
sc

c2
ref

= δ
2
(

ghsc

c2
ref

)(
hsc

θ

dθ

dz

)
. (32)

Noticing that the (compressible) background hydrostatic balance implies ghsc = pref/ρref = c2
ref and

allowing for leading order stratification so that the last factor on the right is of order unity, one arrives at
a distinguished limit between the flow Mach number and the dimensionless characteristic wavelength,

wref

cref
∼ ε ∼ δ ∼ `

2πhsc
. (33)

Using the standard polarization conditions for planar internal gravity waves one finds the appropriate
perturbation scalings for the Exner pressure and potential temperature,

π
′ =

π−π

π
= O(ε2) , θ

′ =
θ −θ

θ
= O(ε) . (34)

For the dimensionless variables

x̂ =
x
`
, ẑ =

z
`
, t̂ =

t wref

`
, û =

u
wref

, ŵ =
w

wref
, π̂ =

π

π(0)
, θ̂ =

θ

Tref
, (35)

the compressible Euler equations then read

ε
2 Dû

Dt̂
+

θ̂

κ

∂ π̂

∂ x̂
= 0 , (36a)

ε
2 Dŵ

Dt̂
+

θ̂

κ

∂ π̂

∂ ẑ
= −ε , (36b)

Dθ̂

Dt̂
= 0 , (36c)

Dπ̂

Dt̂
+

κ

1−κ
π̂∇̂ ·~̂v = 0 , (36d)
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where D/Dt̂ is the Lagrangian time derivative, and κ = (γ − 1)/γ as before (see discussion following
(8)). Note that x̂, ẑ, and t̂ resolve the small space and short time scales associated with the local internal
wave description within a wave packet. In contrast,

(τ,χ,ζ ) = ε(t̂, x̂, ẑ) (37)

resolve the large scales comparable with the pressure scale height hsc and the associated advection time
scale based on wref. Note also that Achatz et al. (2010) do not assume weak potential temperature
background stratification, so that the potential temperature scale height satisfies Hθ = O(hsc) as ε → 0
asymptotically, although in practice the factor of proportionality may be as large as Hθ /hsc ∼ 5...7.

In line with the perturbation order estimates in (34), one next introduces

û = ũ , ŵ = w̃ , θ̂ = θ + εθ̃ , π̂ = κ (π + ε
2
π̃) , (38)

assuming that θ ,π depend on ζ = ε ẑ only and satisfy leading-order hydrostatic balance,

dπ

dζ
=− 1

θ
, π(0) =

1
κ

. (39)

The compressible Euler, pseudo-incompressible and anelastic models may now be cast in a common
form in terms of (ũ, w̃, θ̃ , π̃),

∂ ũ
∂ t̂

+X
∂ π̃

∂ x̂
= −

{
ũ

∂ ũ
∂ x̂

+ w̃
∂ ũ
∂ ẑ

+ εX̃
∂ π̃

∂ x̂

}
, (40a)

∂ w̃
∂ t̂

+X
∂ π̃

∂ ẑ
− θ̃

θ
= −

{
ũ

∂ w̃
∂ x̂

+ w̃
∂ w̃
∂ ẑ

+ εX̃
∂ π̃

∂ ẑ

}
, (40b)

∂ θ̃

∂ t̂
+ w̃

dθ

dζ
= −

{
ũ

∂ θ̃

∂ x̂
+ w̃

∂ θ̃

∂ ẑ

}
, (40c)

div(R ṽ) = −ε
2 C̃ , (40d)

where
D
Dt̂

=
∂

∂ t̂
+ ũ

∂

∂ x̂
+ w̃

∂

∂ ẑ
and div(ṽ) =

(
∂ ũ
∂ x̂

+
∂ w̃
∂ ẑ

)
. (41)

The three models emerge under the following choices

compressible Euler

X = θ , X̃ = θ̃ , R = P , C̃ =
1−κ

κ

P
π

{
Dπ̃

Dt̂
− κ

1−κ
π̃ div(ṽ)

}
, (42a)

pseudo-incompressible
X = θ , X̃ = θ̃ , R = P , C̃ = 0 , (42b)

anelastic
X = 1 , X̃ = 0 , R = ρ , C̃ = 0 . (42c)

where ρ and P are defined through

ρθ = P = (κπ)
1−κ

κ . (43)

As Achatz et al. (2010) have shown that the subsequent WKB theory leads to identical leading and first
order results for the compressible and pseudo-incompressible models, we compare only the pseudo-
incompressible and anelastic models below.
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Consider the general large amplitude WKB solution ansatz for solutions of (40)
ũ
w̃
θ̃

π̃

=


U (0)

0

W (0)
0

Θ
(1)
0

Π
(2)
0

(τ,χ,ζ )+ℜ




U (0)
1

W (0)
1

Θ
(1)
1

Π
(2)
1

(τ,χ,ζ )exp
(

i
ϕ(τ,χ,ζ )

ε

)

+ ε




U (1)
0

W (1)
0

Θ
(2)
0

Π
(3)
0

(τ,χ,ζ )+ℜ

∞

∑
α=1


U (1)

α

W (1)
α

Θ
(2)
α

Π
(3)
α

(τ,χ,ζ )exp
(

iα
ϕ(τ,χ,ζ )

ε

)+o(ε) , (44)

with (τ,χ,ζ ) = ε(t̂, x̂, ẑ) defined in (37), and ℜ denoting the real part of a complex number. The label
“large amplitude” is justified because we do not assume small ũ, w̃ so that the advection terms on the
right of (37) are formally of order unity.

3.1 Leading-order analysis

Applying standard WKB procedures to the divergence constraint in (40d) one finds from the terms
proportional to exp(iϕ/ε) the small scale solenoidality constraint

i
(

∂ϕ

∂ χ
U (0)

1 +
∂ϕ

∂ζ
W (0)

1

)
= 0 . (45)

This condition reduces the advection terms, which formally appear at leading order as mentioned above,
to at most order O(ε).

The mean-flow contributions (zero power in exp(iϕ/ε)) of the vertical momentum and entropy equa-
tions in (40b) and (40c) then yield, respectively,

Θ
(1)
0 = W (0)

0 = 0 . (46)

Using these results in (36a) – (36d) we find


−iω̂ 0 0 ik

0 −iω̂ −N im
0 N −iω̂ 0
ik im 0 0


︸ ︷︷ ︸

M(ω̂,k,m)


U (0)

1

W (0)
1

Θ
(1)
1

Nθ

XΠ
(2)
1

= 0 (47)

where

ω̂ = ω− kU (0)
0 , ω =−∂ϕ

∂τ
, k =

∂ϕ

∂ χ
, m =

∂ϕ

∂ζ
. (48)

These are the linearized internal plane wave equations from Boussinesq theory, which is expected, be-
cause variations of the background density over the characteristic wavelength of the considered wave
packets are O(ε) only.

To allow for nontrivial solutions, the matrix M in (47) must be singular and this leads to the classical
internal wave dispersion relation for the Boussinesq model,

ω̂
2(k,m) = N2 k2

k2 +m2 . (49)
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From the definitions in (48) one obtains (after some tedious calculations) the ray-tracing equations(
∂

∂τ
+~cg ·∇(χ,ζ )

)
(k,m,ω) =

(
0,−k

∂U (0)
0

∂ζ
,k

∂U (0)
0

∂τ

)
(50)

with the group velocity

~cg =
(

U (0)
0 +

∂ω̂

∂k
,
∂ω̂

∂m

)
. (51)

Given the dispersion relation that renders M singular, the polarization relations determining relationships
between the amplitudes U (0)

1 ,W (0)
1 ,Θ

(1)
1 , and Π

(2)
1 are obtained straightforwardly from the nullspace right

eigenvector of M, see (Achatz et al., 2010),(
U (0)

1 , W (0)
1 ,

Θ
(1)
1

Nθ
, XΠ

(2)
1

)T

=
(
−i

m
k

ω̂

N
, i

ω̂

N
, 1 , −i

m
k2

ω̂2

N

)T
Θ

(1)
1

Nθ
. (52)

It follows that at leading order the pseudo-incompressible and anelastic models both reproduce the plane
wave equations from Boussinesq theory. The only difference is the pressure scaling by X which implies
Π

(2)
1

∣∣
anel.= θ Π

(2)
1

∣∣
psinc.. Note that θ depends on ζ = ε ẑ only, so that it is constant to leading order in ε

across the present characteristic internal wavelength.

3.2 First-order analysis

3.2.1 First-order Fourier components

At first order the terms in the divergence constraint, (40d), proportional to e2iϕ/ε yield

ikU (1)
α + imW (1)

α = 0 (α > 1) . (53)

Making use of this relation and the fact that the leading-order mean flow is horizontally homogeneous
(see (64) below), we find from the terms proportional to exp(iϕ/ε),

M(ω̂,k,m)


U (1)

1

W (1)
1

Θ
(2)
1

Nθ

XΠ
(3)
1

=−Q , (54a)

where

Q =



∂U (0)
1

∂τ
+U (0)

0
∂U (0)

1
∂ χ

+W (0)
1

∂U (0)
0

∂ζ
+X

∂Π
(2)
1

∂ χ
+
(

ikU (1)
0 + imW (1)

0

)
U (0)

1

∂W (0)
1

∂τ
+U (0)

0
∂W (0)

1
∂ χ

+X
∂Π

(2)
1

∂ζ
+
(

ikU (1)
0 + imW (1)

0

)
W (0)

1

∂

∂τ

(
Θ

(1)
1

Nθ

)
+U (0)

0
∂

∂ χ

(
Θ

(1)
1

Nθ

)
+
(

ikU (1)
0 + imW (1)

0

)
Θ

(1)
1

Nθ

∂U (0)
1

∂ χ
+

∂W (0)
1

∂ζ
+

W (0)
1

R
dR
dζ


. (54b)

Multiplying these equations from the left with the transpose complex conjugate of the null-space vector
of the adjoint of M(ω̂,k,m), i.e., by(

U (0)
1 , W (0)

1 ,
Θ

(1)
1

Nθ
, XΠ

(2)
1

)∗
=
(

i
m
k

ω̂

N
, −i

ω̂

N
, 1 , i

m
k2

ω̂2

N

)[
Θ

(1)
1

Nθ

]∗
, (55)
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one obtains from the real part of (54)1

∂E ′

∂τ
+∇(χ,ζ ) ·

(
~cgE ′

)
=−R/X

2
ℜ

(
U (0)

1
∗
W (0)

1

)
∂U (0)

0
∂ζ

(56)

where

E ′ =
R/X

4

∣∣∣U (0)
1

∣∣∣2 +
∣∣∣W (0)

1

∣∣∣2 +

∣∣∣∣∣Θ
(1)
1

Nθ

∣∣∣∣∣
2
≡ R/X

2

∣∣∣∣∣Θ
(1)
1

Nθ

∣∣∣∣∣
2

. (57)

Using the polarization relations from (52) and the ray-tracing equations (50) one finally obtains the
principle of wave-action conservation Bretherton (1966); Grimshaw (1975); Müller (1976)

∂

∂τ

(
E ′

ω̂

)
+∇(χ,ζ ) ·

(
~cg

E ′

ω̂

)
= 0 . (58)

Comparing with (42) we notice that

R/X =
{

P/θ ≡ ρ pseudo− incompressible
ρ/1≡ ρ anelastic

(59)

equals the background density for both the sound-proof models considered here. Since also the disper-
sion relation, (49), and the polarization conditions, (52), for the wave packets are the same, we conclude
that even for leading-order stratification with (1/θ)dθ/dz = O(1) as ε → 0, both models should pro-
duce the exact same amplification of wave amplitudes as a wave packet travels upwards to regions of
low density.

3.2.2 Second-order Fourier components

The terms proportional to exp(i2ϕ/ε) now include nonlinear advection and pressure gradient terms
terms, where the latter active yield one contribution each in the vertical momentum balance and in the
potential temperature transport equation that are active only for the pseudo-incompressible model, viz.

M (2ω̂,2k,2m)



U (1)
2

W (1)
2

Θ
(2)
2

Nθ

XΠ
(3)
2


=



−Dρ

1U (0)
1

−Dρ

1W (0)
1 −

1
2

(
X̃ (0)

1

θ

)2

− 1
Nθ

Dρ

1 Θ
(1)
1 +

1
2

X̃ (0)
1

Nθ
W (0)

1 N2

0


(60)

where

Dρ

1 =
1
2

(
U (0)

1
∂

∂ χ
+W (0)

1
∂

∂ζ
− 1

ρ

(
ρ U (0)

1
∂ χ

+
ρ W (0)

1
∂ζ

))
. (61)

Note that Dρ

1 differs from D1 in (Achatz et al., 2010) which features the equivalent of P instead of ρ in
the divergence term.

We observe that M (2ω̂,2k,2m) is non-singular, because ω̂ , k, and m are already related by the disper-
sion relation in (49), and ω̂(2k,2m) 6= 2 ω̂(k,m). As a consequence, the system can be solved for the
unknowns

(
U (1)

2 , W (1)
2 , Θ

(2)
2 /(Nθ), XΠ

(3)
2

)
, and no additional solvability constraint on the right-hand

terms arises.
1The imaginary part yields a predictive equation for the large-scale and slow-time part of the wave phase β =

arctan(ℑΘ
(1)
1 /ℜΘ

(1)
1 ) which, however, is not needed below.
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The right-hand side of (60) involves the effects of nonlinear advection, which are identical for the anelas-
tic and pseudo-incompressible models and captured through the terms involving Dρ

1 . But, there are two
effects which differ between the two models. The first difference results from the nonlinearity of the
pressure term (last term in the second component on the right of (60)). The second difference arises in
the potential temperature equation (last term in the third component of (60)), and it is due to the ve-
locity field obeying different divergence constraints in the pseudo-incompressible and anelastic models.
Since X̃ = θ̃ for the pseudo-incompressible model, and X̃ ≡ 0 for the anelastic one, the two terms are
missing in the latter. Hence we expect to see differences between anelastic and pseudo-incompressible
simulations in the second Fourier modes proportional to exp(i2φ(τ,χ,ζ )/ε).

3.2.3 Higher-order Fourier components

The higher-order terms proportional to exp(iαϕ/ε) for α > 2 yield

M (αω̂,αk,αm)

(
U (1)

α , W (1)
α ,

Θ
(2)
α

Nθ
, θΠ

(3)
α

)T

= 0 (62)

This homogeneous sequence of linear equations, has again a non-singular system matrix, for the same
reason mentioned earlier, related to the dispersion relation. As a consequence,(

U (1)
α ,W (1)

α ,
Θ

(2)
α

Nθ
,θΠ

(3)
α

)
= 0 (α > 2) (63)

i.e. the higher-order terms all vanish.

3.2.4 Mean flow

Finally, the mean-flow terms of the Exner pressure equation yield

∂U (0)
0

∂ χ
= 0 (64)

i.e. the leading-order mean flow is horizontally homogeneous. From the momentum equations and the
entropy equation we obtain, using the fourth component of (54b), the polarization relations from (52),
and noticing again that ρ = P/θ , we find

∂U (0)
0

∂τ
+θ

∂Π
(2)
0

∂ χ
= − 1

2ρ

{
∂

∂ χ

(
ρ

∣∣∣U (0)
1

∣∣∣2)+
∂

∂ζ

[
ρ ℜ

(
U (0)

1 W (0)
1
∗)]}

, (65a)

θ
∂Π

(2)
0

∂ζ
−

Θ
(2)
0

θ
+

∣∣∣X̃ (1)
1

∣∣∣2
2 θ

2 = − 1
2ρ

{
∂

∂ χ

[
ρ ℜ

(
U (0)

1 W (0)
1
∗)]

+
∂

∂ζ

(
ρ

∣∣∣W (0)
1

∣∣∣2)} , (65b)

W (1)
0 = 0 . (65c)

The right hand expressions in the two mean-flow momentum equations, (65a) and (65b), represent the
influence of the large-scale divergence of the nonlinear momentum fluxes induced by the wave activity.
These expressions turn out to be identical in the anelastic and pseudo-incompressible models. The only
difference between these models in the mean flow equations is the third term on the right of the vertical
momentum equation, (see also Achatz et al., 2010). This wave-induced term is zero for the anelastic

equations, while it equals
∣∣∣Θ(1)

1

∣∣∣2 /2 θ
2

for the compressible and pseudo-incompressible dynamics.
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Since the zero-order vertical mean flow W (0)
0 vanishes, the vertical momentum equation effectively be-

comes a hydrostatic balance between the vertical Π
(2)
1 gradient and the mean-flow potential temperature

Θ
(2)
0 , with wave-induced perturbations. Likewise, since the first-order mean-flow potential temperature

Θ
(1)
0 vanishes, the mean-flow entropy equation (65c) is a diagnostic equation for the, actually vanishing,

leading-order mean-flow vertical wind W (1)
0 induced by heating due to the, actually vanishing, diver-

gence of the wave related potential-temperature flux.

Given the wave-induced nonlinear terms, (64) and (65) are four equations for as many unknowns, which
are U (0)

0 ,Π
(2)
0 ,Θ

(2)
0 , and W (1)

0 . Using (64), ∂U (0)
0 /∂τ can be eliminated from (65a), yielding together

with (65b) two coupled linear equations for Π
(2)
0 and Θ

(2)
0 which can be solved by standard means.

Reinserting Π
(2)
0 into (65a) one then obtains a predictive equation for the mean-flow horizontal wind.

Finally, according to (65c) the mean-flow vertical wind vanishes up to and including O(ε).

4 Conclusions

In this paper we have addressed the formal asymptotics of weakly compressible atmospheric flows
involving three asymptotically different time scales for sound, internal waves, and advection. Both the
pseudo-incompressible and the Lipps & Hemler anelastic model yield very good approximations to the
linearized internal wave dynamics in a compressible flow for realistic background stratifications and on
length scales comparable to the pressure and density scale heights. These sound-proof models should be
applicable for stratification strengths (hsc/θ)(dθ/dz) < O(ε2/3), where ε is the flow Mach number. This
constraint guarantees the sound-proof and compressible internal waves to evolve asymptotically closely
even over advective time scales. For typical flow Mach numbers ε ∼ 1/30, this amounts to vertical
variations of the mean potential temperature over the pressure scale height of ∆θ ∼ 30 K. Considering
that hsc∼ 8.8 km for Tref = 300 K and that typical tropospheric heights are about 10...15 km, the estimate
for the validity of the sound-proof models yields realistic potential temperature variations of δθ ∼
30...50 K across the troposphere. We have thus provided an explicit estimate for the regime of validity
of the considered sound-proof models that considerably extends Ogura & Phillips’ original estimate
which required (hsc/θ)(dθ/dz) = O(ε2) and implied unrealistically weak background stratifications
(for the original derivations, see (Klein et al., 2010)).

Our main conclusion from the second part of the paper is, in line with (Achatz et al., 2010), that the
pseudo-incompressible model has the same WKB asymptotics as the compressible Euler equations for
internal wave packets with wavelength small compared with the pressure and potential temperature
scale heights. This is true even for background potential temperature stratifications of order unity, i.e.,
for (1/θ)dθ/dζ = O(1) for vanishing Mach number. In this regime there are differences between the
anelastic and pseudo-incompressible models which arise as a consequence of the different divergence
constraints enforced by these models and of the nonlinearity of the pressure gradient term that exists
only in the compressible and pseudo-incompressible equations. While these effects do not affect the
dispersion and amplification of a WKB-wavepacket, they do change the generation of higher harmonics
and the wave-meanflow interaction.

Interesting future directions of research will be the extension of the WKB theory to three space dimen-
sions, and its embedding in a multiple scales asymptotic theory that couples small-scale internal waves
described by WKB with large-scale hydrostatic dynamics. In this context, see also (Shaw and Shepherd,
2008, 2009).
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