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Properties of the equations of motion

By Mik e Cullen

European Centre for Medium-Range Weather Forecasts

Abstract

Somegenericpropertieof thenonlinearequationf fluid flow aredemonstratedith simpleillustrative problemsProperties
of the shallov watermodelarethendescribedandthe solutionsshavn to be closeto that of a ‘balanced’approximatiornto
them.

In threedimensionsthegeneralisatiomf the concepof ‘balance’leadsto modelsfrom which soundwaveshave beerfiltered,
in particular the incompressibleand anelasticmodels. Propertiesof their solutionsare described.In particular analytic
solutionof the equationgequiressolutionof anelliptic problem,which thusalsohasto be solvedin numericalmodelsusing
the equationsThe hydrostaticequationsanbe solvedwithout solvinganelliptic problem,but it is shavn thatthis meanghat
the solutionsbreakdown for weakstratification.Use of the hydrostaticapproximationn numericalmodelsrequiresuseof a
numerical equialent of a non-ydrostatic pressure to ensure stahility

Operationamodelsaremorecorrectlyviewed assolving space-timeverageof the equationsBoth EulerianandLagrangian
averagingproceduresreillustrated.In particular both suggesthat the averagedvariablerepresentinghe fluid trajectoryis
best treated as d@i#frent from that representing the momentum.

Averagedequationcanberelatedto filteredmodelsin which all inertia-graity wavesareremoved.While suchmodelsdo not
give a completedescriptionof the atmospheresincethey excludereal waves,they candescribethe motionsthat are well-
resoledandpredictableby operationamodels.Their propertiesarethususefulin designingmodels particularlythe way that
the computation of the reseld flow is related to the sub-grid models which parametrise the uneglsolations.

Keywords: Nonlinear EquationsAveraging Balance
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1. INTRODUCTION

In operationalveatherforecastandclimatemodelswe have to solve the equationf fluid motionandthermody-
namics,subjectto boundaryconditionsat the Earths surfaceand prescribedexternal forcing dueto radiation.
While the basiclaws governing dynamicsand thermodynamicsre well-known, andthe laws governing phase
changedetweenwatervapour liquid water andice arewell establishedmary compromisefiave to be madein
applyingthesdawsin anoperationamodel.Thecurrentoperationalrersionof theECMWF modelhasaresolution
of about40kmin the horizontaland60 levelsin the vertical. Realprocessesccuron scalesdowvn to millimetres
or less,andregionsof theatmospheravheresmallscaleprocesseareimportantareoftenhighly concentratedpr
instancan cornvective updraughtsThusa coarsescaleaverageof theflow maybe quite misleadingan averageof
a localised updraught looks élka smooth ave.

Thesdecturesconcentrat®n representinghe equation®f motionandthermodynamicsObsenationsshaw that,
qualitatively, theatmospherdehaesin asimilar way all thetime. Weathersystemsnove around,andthe overall
level of activity varieswith theseasonA modelhasto representheevolution of individual weathersystemsaccu-
rately andalsoto maintainthe statistical'steadystate’'which ensureghatit alwaysrepresents possiblestateof
the atmosphere after the limits of deterministic predictability are passed.

No modelcanbeaccuratéan all respectsandcompromisesrenecessaryin theseectureswe identify the prop-
ertiesof the equationsvhich controlthe long-termbehaiour of the solutions.Thesewill beimportantaspectso
treat accurately in numerical models.

2. OBSERVED BEHAVIOUR

Themostusefulway to gaininformationaboutthe solutionsof the equationof motionandthermodynamicss to
studyobsenationsof theatmosphereSatellitepicturesshav large scalecloud patternsFigure 1, which on closer
examinationcontainmoreandmorefine-scaleletail, Figure2. Thus,asnumericaimodelsreachhigherandhigher
resolution,new phenomenavill appearall thetime. Therewill alsoalwaysbefeatureghatarenotwell resohed,
andthusrepresentedhaccuratelylt maywell bebeneficialto excludethemfrom themodeluntil they canbetreat-
edaccuratelyThusthefundamentaproblemis to maintainaccuratdreatmenbf well-resohedfeatureswhile ex-
cluding those not treated accurately and representing thikiefiect by a parametrisation.

2 Meteorological Training CourseLecture Series
0 ECMWEF, 2002



Properties of the equations of motion

3

METEOSAT VIS 13 MAR 199

515:00 UTC

7 — T

D

Figure 2. AHRR visible picture ceering the UK at a similar time teigure 1

The separatiorproblemwould be easyif therewasa cleardifferencein spaceandtime-scalebetweendifferent
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phenomena-owever, obsenationsshaw clearlythatthisis notthe case Figure3 is a classicaketof obserations
from commerciahircraft,dueto GageandNastrom(1986,Fig.2). Theenegy spectruris essentiallya continuous
function of horizontalscale thereis no ‘spectralgap’ which would make modellingeasier The situationis sum-
marisedin Figure4, dueto Smagorinsky(1974),which shows typical spaceandtime scalesof atmospheriphe-
nomenaWhateverresolutionis chosemwill cutacrosgheactive scaleof somephenomenagsultingin inaccurate
treatment.
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Figure 3. Vdvenumber spectra of zonal and meridioredbeity and potential temperature computed from 3
groups of flight sgments. The meridional wind spectra are shifted one decade to the right and the potential
temperature spectra dwlecades. Froi@ageand Nastrom (1986, Fig.2)

Obsenationsalsodemonstratéhattheequationdiave very non-smootfsolutions Figure5 is aballoonobsenration
of Brunt-Vaisalafrequeng, essentiallystaticstability, which shavs very large variationson the smallestscalere-
sohableby theballoon.Thisillustratesthatdifferentiatedquantitiesjn particular will notberobustdiagnosticof
atmospheribehaiour, andnot be safequantitiesto usein a numericalmodel.Anotherdifficulty is thatthe small
scalevariationsarenot universal,so cannotbe regardedashomogeneousirbulencein spectrakpaceFigure6 is
anexampleof thewind tracefrom ananemometeil hereareintenseastfluctuationsall thetime, muchlargerwhen
thewind is strongerSuperposednthesearelargerscalechangesldeally, wewouldwishto predictthelargerscale
changestogetherwith a measuref the amplitudeof the small-scaldluctuations We would not expect,or need,
to predict the small scale fluctuations deterministically
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Figure 6. Anemographtracefor BellambiPointon 26 Decembed 996(wind speedn knots),takenfrom Battand
Leslie (1998), Fig. 7.

We canseefrom Figurel andFigure?2 thatthereis coherentarge scaleorganisationn theflow, suchasthecloud
bandwith wavesextendingSWto NE acrosgheAtlantic. Thereis alsoaregion of regularcellularcorvectionsouth
of Iceland,and,in Figure2, aregulargravity wave-trainextendingacrosdrelandandScotlandlt is well-known
thatmary differenttypesof organisationarepossible dependingon theatmospheristateandthe spaceandtime-
scales gamined.

Pressure levels in millibars are shown in the feft-hand column.
L il thy

Celsius. The depi e
1-31DEGEMBER 1999 dew-point, if available, is indicated by the letters:
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Figure 7. Daily sea-lel pressure maps for December 1999, froeater Log (Rgal Meteorological Society).

In operationamedium-rangdorecastingtheprimejob is to predictthe coherenmotionsassociatedvith weather
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systemsA sequencef weathemaps,suchasFigure7, shavs thattheseevolve in anirregularnon-periodioway,
but thatstatisticallythey arein steadystate Qualitatvely, weathemapslook similar from dayto day. Thegeneral
level of activity only varieswith seasonwhichis onamuchlongertime-scalehanthatof theindividual systems.

3. TOY PROBLEMS

3.1 Introductory remarks

Very elementarynodelsof realphenomenareoftenlinear, sothatthey canbe solvedanalytically The solutions
canbe usedto validatenumericalcalculations Suchtestswereusedto establisithe basicruleswhich numerical
methodshave to obey to approximatesolutionsover large time periods.Essentiallya schemawhich is consistent
with the analyticequationwill corverge to the solutionprovidedthatit is stable(RichtmyerandMorton, 1967,
p.45).However, realisticmodelshave to be nonlinear andcannotbe solved analyticallyexceptin specialcases.
Thusnumericalmethodshave to beused,andtendto be assumedaorrectif the solutionsarecorrectin the special
casesvhereanalyticsolutionis possibleanddo not‘blow up’ for generadata.However, the proofthatthenumer-
ical methodsaregiving the correctanswerrequiresknowledgethatthe original equationhassolutions,andeven
thenit maybevery difficult to prove thatanumericalmethodis stable In particular sayingthata methodhasn th
orderaccurag requiregheassumptiorthatthe solutionhasn — 1 continuousderivatives,allowing the Taylor ex-
pansion to be constructed. Spectral methods can onkeigento solutions with infinitely maderiatives.

Equationsvhich correctlydescriberealfluid flows musthave solutions sincefluid propertiesdo notdivergeto in-
finity. We canthusexpectthe compressibléNavier-Stokes equationgo be soluble(thoughthis hasnot yet been
proved),sincethey area very well validatedmodelof realfluids. However, problemsstartwhensimplifying as-
sumptionsaremade.For instancethereis no suchthing asaninviscid fluid, but realviscosityin the atmosphere
actson scaledessthanmillimetresexceptin thevery highatmosphereThusit is negligible onpracticalmodelling
scalesandit is naturalto neglectthe viscosity giving the EulerequationsHowever, it is not at all clearthatthe
Eulerequationshave solutions.It maywell bethatary realflow generatesmallenoughscaledor viscosityto be
important,andthusequationsvhich omit it will ‘blow up’. Thiswill leadto alossof predictability asdefinedby
Lorenz (1969),sincethe solutionwill dependcritically on unresohable processesThe distinctionis easiesto
malke atrigid boundariesThe Navier-Stokesequationsvill besolvedwith ano-slipboundarycondition.However,
theonly boundaryconditionthatcanbe setfor the Eulerequationss oneof no normalflow, with freeslip allowed
alongtheboundarylin practice therewill alwaysbeathin boundarylayerwhereviscosityis important.It is there-
fore very dangerous to makdeductions from theviscid equations.

Anotherexampleis the useof the hydrostaticapproximationThis is accurateenoughfor numericalmodelswith
resolutionlessthanaboutlOkm,andis oftenusedathigherresolutionsHowever, wewill seethatit is veryunlikely
thattheseequationshave solutions.Whenareasof weakstratificationdevelop, we will shav thatthe non-tydro-
static pressure is critical. Thus results deduced frgandstatic equations will alays be suspect.

We now illustratetheseissueswith somevery simpleproblemswhich containelementdoundin the generaffluid
equations.

3.2 Examples

The first g@ample is

L = g2 (1)
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with w = 1 at¢ = 0. The solution is

)

w= L
1-¢

whichblowsupatt¢ = 1. Thisexampleillustratesthe generictendeng of the solutionsof nonlinearequationgo
collapse to singularities, as is bekel to happen witharticity in three-dimensional incompressiblevlo

The second»ample is the one-dimensional Ber's equation

u = u(x,t) 3)
Du

Di - °

ou ou _

§+uﬁ 0

%+1'i 2=0

0t 20x

This is written in, succesaly
0] Lagrangian form
(i)  Eulerian adective form
(iii)  Eulerian flux form

Equation(3) can be soled by direct intgration by characteristics,\gig
u(x,t) = u(x—u(x,t),0) (4)

Givenperiodichoundaryconditions,andnon-constaninitial data,the solutionalwaysbecomesnultivaluedasil-
lustrated inFig. 8

Thisis becausegiven u(x;, 0) = w4, u(x,, 0) = u,, x,>x,, ug >u,, thesolutionhasvaluesboth z; andu,
atx = x,tuq bt = (xo—x9)/ (u,—u,).

Oncethesolutionbecomesnultivalued the derivativeswith respecto x in eq.(3) cannotbecalculatedHowever,

the Lagrangiarequationstill makessenseasit simply stateghat particlesmove at a constantspeedln orderto

determinéhow to continuethesolution,it is necessario returnto the physicsof theproblemfrom whichtheequa-
tion was dened. There are then three options:

0] Say that the equation breaksaghg and do not attempt to continue the solution.

(i)  If the equationwas derived from the physics of particles,and thereis no reasonwhy particles
shouldnot overtale eachother acceptthe solutionof the Lagrangiarform of eq. (3) andabandon
the Eulerian forms. We will seethat this is a very useful interpretationin two- and three-
dimensional fluid mechanics. It is not natural for a genuinely one-dimensional problem.

(iif)  UsetheEulerianflux form, interpretecasdefiningmomentunbalancevhenintegratedover afinite
interval in x . Thus we hee
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Figure 8. Solutions of eq3) for u(x, 0) = sin(2mx) att=0, 0.1, 0.2, 0.3

Then,afterthe solutionfirst becomesnultivalued the solutioncanbe continuedasa discontinuitypropagting at
a speed

2 2
Up—Uf

2up—uy, ©
SufiicesL andR referto valuesto left andright of thediscontinuity This solutioncanbe provedto bethelimit of
thatof aviscousversionof the equationastheviscositytendsto zero.Thusif the original physical problemwasa
slightly viscousflow, theinviscid equatiorcanbesolvedwith adiscontinuity andall largescaleaspect®f theflow
predictedwithout knowledgeof theviscoussub-layerUndertheseconditionsdeterministigpredictabilityis main-
tained. This situation occurs in three-dimensional supersomichin is not typical of subsonic flo

The numericalmethodto be usedalsodepend®n the physical interpretationof the problem.In case(ii), semi-
Lagrangianmethodswill be accurateand Eulerianmethodswill not be useableln case(iii) , only Eulerianflux
form methodwwill givethecorrectsolution.Furthermoresincethesolutionis discontinuousthenumericaimethod
cannotbe morethanfirst orderaccurateasa stepdiscontinuitycannotbe approximatedo morethanfirst orderby
asmoothfunction. Theskill comesn blendingmethodswvhich arefirst orderaccurateat discontinuitieswith ones
which are of higher order accuyaelsevhere.

While this examplesuggestshatadwectionalwaysproducediscontinuitiesthis is an artefact of the one-dimen-
sional geometryThe net example shwss that in tvo dimensions it is possible to maintain smoothness.
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3.3 Two-dimensional incompressible Euler equations

These equations, for a uniformly rotating fluid, can be written

U4 _fy =0 @)

Here,u, v arevelocitycomponentsp isthepressurandf the Coriolis parameteiWe canwrite eq.(7) in vorti-
city form as

D(C+f) _

Dy (8)

0
u = 09 0yo

Uoy' ax0
O2p = ¢

Typical boundary conditionsauld be thatu Ch = 0 on the boundary of a closed dom&in

Given smoothinitial data,it canbe proved thatthereis a uniquesolutionwhich stayssmoothfor infinite time.

Thereforet canbe approximatedy stablenumericalmethodsof arbitrarily high ordersof accurag, in particular
spectraimethodslt is importantto understandavhy theresultis true,becausehis will determinewhatproperties
anumericaimethodwill haveto satisfyif it is to benonlinearlystableandaccurateverlong periodsof integration.

A detailedaccountof the proof, with referencesis setoutin Gerard(1992).A moreextensve text onthe subject
is Lions (1996).Thebasicreasorthatit is possibleis becausghevorticity is conseredby adwection,soary solu-
tion mustbearearrangemerdf theinitial data.Thekey stepis to write the velocity in termsof thevorticity using
the Biot-S&art integral:

2my = B +£Z(x')|n(|x—x'l)dx' 9)

y = Q9% 9y
Uay’ oxU

B isthetermfrom theboundaryconditions.This allows thevelocity gradientso be estimatedn termsof thevor-
ticity gradients by

Ioul = 1z + i+ 5EEDIE (10)

The rate of gravth of the wrticity gradient can be written

Do@+f)+ {““W LIJ“}D(ZH‘) =0 (12)

T Wyy Yyx
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Combining this with(10) gives an estimate of the form

IBu3 < C(#)lu? (12)

whereC grows exponentiallyin time. This growth is the symptomof thecharacteristienstroply cascad®f two-
dimensionaturbulence(Leith 1983)andis associatedvith aninversecascadef kineticenegy, andhencestream-
function, to lage scales. This has been illustrated in yn@mputations, e.dzargeand Sadoum(1989)

Therearetwo mainimplicationsof this proof for numericalmethodsFirstly, the valuesof the vorticity mustnot
bechangedy adwection.Thisfavourstheuseof quasi-monotonechemesSecondlytherateof growth of thevor-
ticity gradientsmustbe restrictedto the analytic value while they are well-resohed. This is aidedin Eulerian
schemedy the useof enegy andenstroply-conservingschemeswhich controlthe meanscaleof the flow (Ar-

akawa 1966),andin semi-Lagrangiaschemes®y usingarea-preservingajectorymappingsThelatterareanac-
tive researctarea,seefor instanceleslie and Purser(1995). Sincethe exact solutiongeneratesrbitrarily small
scalesin partsof the flow, a dissipationmechanisnis requiredto remove enstroply at the smallestscalesgven
though the analytic solution is actually smooth without requiring viscosity

4. SHALLO W WATER EQUATIONS

4.1 Basic properties

These equations are normally written as

Du oh _
Dy tag.—fo =0 (13)

Dv oh _

e + ga +fu=20

oh _

3 +0~hAu) =0

h is thedepthof thefluid, typically choserto have only smallperturbationsibouta meanvalue i, . If theseequa-
tionsarederivedastheverticalmeanof theflow of anisentropicatmospheravith afreeupperboundary 2 hasto
bereplacedy h¥, k = (y—1)/y inthepressurgradienterm.If they arederivedastheverticalmeanof theflow
of anisentropicatmospherdetweerrigid upperandlower boundariesh mustbereplacedby 2Y-1 in thepres-
suregradientterm. The equationcanalsobe appliedto a singlelayerwith differentdensityfrom therestof the
fluid. In this caseg becomesa ‘reduced’ gravity, andit is likely that 2 canbe of the samesizeas &, andeven
become zerower part of the domain (as in outcropping density layers in the oceafjgsee 9
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X3=p(X; , X5)

Q

Figure 9. Schematiaiagramof solutionof shallov waterequationsvith zerodepthp over someof thedomain.

If we linearisethe equationsabouta stateof rest,andassumesolutionsproportionalto ei(kx+1y +wt) 'we find so-
lutionsw = 0, w? = ghy(k?+12) + f2. The propagting solutions are inertio-gridy waves, with speed

= fone I
c= |gh+ T (14)

They arepuregravity wavesif f = 0 andpureinertialwavesif g = 0.Inthegenerahonlinearcasethesolution
corresponding to the zeralue of w becomes potentiabwticity adwection.

The natureof the solutionsin ary specificcasedependn the Froudenumberdefinedby Fr2 = U2/ (gh,),

where U is avelocity scaleithe RossbynumberU/ (fL) , whereL is a horizontallengthscale andthe Rosshy
radiusLp = ( M)/ f.If hy issuchthat Fr « 1, thenthegravity wavesarefastcomparedvith theadwection
speed,irrespectve of horizontalscale.If Ro « 1 the inertio-gravity waves are fast comparedwith adwection
speeds, lt this condition is only satisfied on dgr scales (much Iger than 100km fod=10 ms).

The equations consexrthe enagy integral

%J’{h(uZ +02) + 1%} dady (15)

and the potentialorticity ¢ = (¢ + )/ h following fluid particles, wheré = g—';—g—;‘/

Theinertio-gravity waveswill alwaysbreakafteratime of orderc/U , whereU is atypical flow speedWhen
they break,momentummbalancds preseredwhile enepy is dissipatedAccuratenumericalsolutionrequirestul-

erianflux form schemesvhich consere momentumTheequation€onserethepotentialvorticity in aLagrangian
sense, until the awes break. Conseation is then lost.

If g = af #0 andf, is a mean alue off, then Rossby aves can propage. Their frequerncis

_Bk
RZ+ 12+ £/ ghg 4o

where k, [ are horizontalwavenumbersThe wave speedthusincreaseswith wavelength.On large horizontal
scales the last term of the denominator dominates, andatleespeed becomes independent afelength.
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4.2 Properties of ‘slow’ solutions
If £ is constant, the solution of the linearised equations corresponding-t® satisfies
oh oh

fv=£,fu=Ty,DEU=0 a7

Thusthevelocity is geostrophi@andnon-divergent.In casesvhereU/ ¢ is small,we canthusapproximateequa-
tions(13) by the quasi-geostrophic equations, which can be written

h
(q-F)ho = gf°Dzh—fh (18)
D,q
D =0

wherethesufiix g representadwectionby thegeostrophiavind andg is the quasi-geostrophipotentialvorticity.
BourgeoisandBeale(1994)provedthatthereis a solutionof theshallav waterequationg13) closeto the solution
of (18)if U/c issmall.In orderto studythebehaiour of (18), we consideitwo limiting caseslf Fr «1, L «Lp
thenwe canapproximateg — f in (18) by €02, . Theevolution equationis thenexactly equation(7) for two-
dimensionalncompressiblélow with astreamfunction) = (gh)/f . Thepropertiesof (18) arethusdetermined

by vorticity conseration. If Ro «1, L » L5, then(18) can be approximated by

(@=f)ho = —fh (19)

_foh (2,0 =
hgdt +U|:D|:VD hD_ 0

This is called the ‘equivalent barotropic’ model. The adwectionterm in the secondequationis small because
g2p s only asmallpartof thepotentialvorticity. Theadwectionof thelargerpart—f'z/ h isidenticallyzero.
Thus we &pect the dynamics in thisgine to be much less aedi.

We illustrate thesetwo caseshy computationswith a shallav watermodelon a spherewith a grid of 288x193
points.Thevalueof f is takenasuniform, sothatthetwo limiting regimesL « Ly, L » L, canbereproducedy
takingdifferentvaluesof &, referredio as‘deep’and‘shallow’. Themodelusedasemi-Lagrangiarsemi-implicit
schemaewith &, u, v asvariablessono conseration propertiesvereexactly enforcedtheinitial datahaswave-
numbersetweerB and19. ThedeformatiorradiusL correspondso wavenumbes3 in the‘deep’ caseandwav-
enumberl3in the‘shallon’ case.Thusthe regimescomputedbothhave L fairly closeto Ly . The diagnostics
illustratedarethe potentialandkinetic enegies,the velocity gradientnorm (A ((Ju)2 + (Ov)2)dxdy ,thepo-
tential enstromI(hqz)dxdy and the potential enstroplgradient norm J’h(l]q)zdxdy . The result for the

‘deep’ case is shan in Figure 10
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Figure 10. Diagnostics from shallavater intgration withgh, = 10°.

Theresultsshav almostexactconseration of potentialenstroply, indicatingthatthe numericalmethodswhich
donotusepotentialvorticity asavariable arenotintroducingdamping They shov nearconserationof thekinetic
enegy (16%lossin 20 days)andpotentialenegy. Sincegeostrophidalanceas quiteaccurateon thescalesnod-
elled, the kinetic enegy densityis essentially0.5(f~1g k)2 andthe potentialenegy is 0.522. Thusindividual
consenrationof kineticandpotentialenegy indicateghatthe meanscaleof the heightfield will beconsered.The
velocity gradientnorm decreaseby 58% over 20 days,showving that enstroply conserationis not sufiicient to
controlall thevelocity gradientsTheenstroply gradientnormincreasesapidly over thefirst two days.After this
time,thecomputationgannotresole thefilamentatiorof thepotentialvorticity field. Contourdynamicanethods,
Dritscheland Ambaum (1997), ka to be used to folle the eolution further

The behaiour of thesecomputationgs exactly thatexpectedfrom the theoryof two-dimensionalncompressible
flow exceptfor thelack of aninversecascad®f enegy to largescalesThisis becaus¢herateof changeof poten-
tial enegy is gven by

%Ihzdxdy = H m%h2g+ 120 (Wixdy (20)

andthis vanishedor non-divergentflow if thereis no flow acrosshe boundariesThe divergenceis very smallin
shallav waterintegrationswith U /¢ small,sothekinetic enegy will bealmostconseredandthe meanscaleof
theheightfield consered.In puretwo-dimensionaturbulenceasdescribedy (7), thereis no potentialenegy; so
this constraintdoesnot operate Theinversecascadeanonly operaten shallav waterflow with L « L sothat
the geostrophic constraint does not operate.
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Figure 11. Diagnostics from shallovater intgration withgh, = 5000.

Figurellillustratesthe behaiour of theshallov waterequationsvith L > L, . As expectedfrom equation(19),
the effectsof adwectionarewealenedandthe rateof increaseof the enstroply gradientnormis muchless.Thus
thereis nolongerastrongcascadef enstroply to smallscalesThepotentialvorticity distributionnow looksmuch
liketheheightdistribution,asshavn in (19). Both changeonly very slowly in time. Thekinetic enegy decreasés
12%, so the mean scale of the height field hardly changes.

Theseresultsillustratetheimportanceof thedeformatiorradius Lz in determiningthe behaiour of ‘slow’ solu-
tions of the shallov waterequationswith U « ¢ . On scalessmallerthan L , the dynamicsis essentiallyvortex
dynamicsOnscaledargerthan L , the solutionsarealmoststationary Furtherdetailsof thesecomputationsre
givenin Cullen(2002).More detailedstudyof theseissuess given by FargeandSadoury (1989)andLarichev
andMcWilliams (1991).1t shouldalsobe notedthatthe ‘slow’ solutionsof the shallov waterequationscanbe
approximateanuchmoreaccurateljthanby the quasi-geostrophiequationsHowever, the qualitative distinction
between flavs with L greater than or less thdr, remains.

5. THREE DIMENSION AL EQUATIONS

5.1 Basic equations, and filtering of fast waves

We startwith thethree-dimensionalompressibléavier-StokesequationsThesearevalid up to heightsin theat-
mosphere where the continuulyplothesis breaks @m. They can be written as foles:
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g—‘:wpemn +(=fv, fu, g) = vO2u 1)
%+ 0pu) =0

%? = k026

p = Rponn

M = (p/po)*

Here, N isthe ExnerpressureP the potentialtemperatur@andk = (y—1)/y, wherey is theratio of specific
heats Therestof the notationis standardThetypical boundaryconditionswouldbe u Ch = 0 onthelateraland
lower boundaries of a domafd, andp, p - 0 asz — .

This systemof equationshas5 independentevolution equations.Two of theseare soundwaves, with speed
¢ = JY(p/p), two areinertio-gravity waves,andonehasthe time-scaleof the adwectingvelocity. Theinertio-
gravity wave frequeng is approximately

f2m2 + NZ(kZ + ZZ)
k2+12+m?

(22)

whereN? istheBrunt-Vaisalafrequeny ‘%g—e k2,12 arehorizontalwavenumbersandm is averticalscale Fig-

ure4 shaws thatthereis alarge scaleseparaztiorbetweersoundwavesand meteorologicallysignificantmotions,
whichtendto have theadwective time-scaleThereis alsoalarge scaleseparatiorbetweerthe viscousdissipation
scalesandmeteorologicamotions.However, thereis notmuchscaleseparatiorbetweerinertio-gravity wavesand
meteorological motions.

In all circumstanceselevantto weatherforecastingwe have |u| «c, sothatit is appropriateto studyequations
from which soundwaveshave beenfiltered. Sinceviscouseffectsarealsowell-separatednh generalwe initially
studyinviscid equationsHowever, viscosityis alwaysimportantnearrigid boundariesit is alsolik ely thatthelocal
generatiorof small scaleswill make viscosityimportantin the interior of the atmospher@n occasionsWe will
see hwv this possibility appears naturally in the analysis of thissaid system.

Thesimplestmethodof filtering is to imposeincompressibilityasin thetwo-dimensionataself viscosityis also
omitted, this gres

Du

Di +C,60N + (—fv, fu,g) = 0 (23)
O =20
DO _
T 0
M is determined implicitly by
0OC,80M) = O(fo, ~fu,—g) - (u (Du)) (24)

Theseequationsareonly accuratéf fL «c . Onlargerscalesthefinite propagtionspeedf soundwavesmatters.
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However, they arenotaccuratén the presencef thelarge basicstatevertical densitygradientof theatmosphere,
as dp/0z isalargeterm.Usefulequationsvith thesamemathematicastructureastheincompressiblequations
are obtained by making, instead, the anelastic approximafps and Hemler (1982), which replac@s) by:

D ] 1

D—‘;+Cpeomr| +(~fv, fu,—-g0/6,) = 0 (25)
Opou) =0

DO _

57 =0

where py(z), 85(2), My(z) are prescribed time-independent functions satisfying the equation of
statepy(z) = Rpy(2)0,(2)Mo(z) andthehydrostaticequationC,0,0M,/0z + g = 0. Primesindicatepertur-
bations from the reference profiles. E24) becomes

OHC,pe00M) = O Hpo(fu, —fu, 86'/8,) —pou u) (26)

Theseequationsare'balanced’in thesensdahatthepressurés determinedmplicitly from thevelocityfield. There
is a consered potentialvorticity ((¢ + f) (110)/ p, . However, unlike the two-dimensionatase therearestill 3
independenévolution equationdeft. The equationsarethusnot ‘balanced’in the senseof Hoskirs et al. (1985),
becausehe potentialvorticity alonedoesnot determineall the othervariables.n particular internalgravity and
inertial waves are supported.

The limitation fL «c¢ canbe avoidedin numericalmodelsby usinga semi-implicit approximationto the com-
pressibleequationsasusedin the UK Met Office ‘new dynamics’,Cullenet al. (1997).This effectively eliminates
the soundwaves.However, thereis still a difficulty in representindhe true upperboundarycondition. The best
methodis acurrentresearchopic. Inappropriatechoicesnayre-introducehecondition f L « ¢ , whichwould not
be acceptable in global models, though adequate for local mesoscale models.

We will seein section6 that three-dimensionatquationswvhich canbe describedn termsof the evolution of a

singlescalarcanbederivedby assuminghattypical frequenciesreslon comparedvith theinertial frequeng, so

theRossbynumberU/ (fL) is small,or thattheinternalFroudenumberU/ (INH) , whereH is a heightscale,
is small.While typical valuesof theseratiosfor weathersystemsareabout0.1, therearesignificantregionswhere
they areO(1) or greater Thusary systemof equationdasecdbn potentialvorticity alonewill notbeveryaccurate,
asFigure 4suggests.

5.2 Solution of the inviscid incompressible equations

Theresultswhich wereproved by thevorticity methodof 4.2 no longerhold, sincevorticity is notconsered. We
thereforeusean alternatve methodwhich is basedon approximating(25) by a semi-Lagrangiansemi-implicit
schemasusedin the ECMWF andmary othermodels andproving thatthe sequencef approximationgornverg-
es.For simplicity, we describethe methodfor the specialcasewherepy(z), 85(2), My(z) areindependentf z .
A similar method can be used for the general cagdashmore complicated toplain.

Weassumehat(25)is to besolvedoverafinite timeinterval [0, T'] . Wewill dividethisintervalinto n time-steps,
andprove corvergenceasn — oo . In orderto constructanapproximatiorto the solutionoverasinglestepdt , we
initially ignorethepressurgradientermsin (25) andintegrateby characteristicalVith f constantthisgivesafirst
guess solution for the positiod§, Y, Z of particles initially atc(0), y(0), z(0) :

Meteorological Training Course Lecture Series
0 ECMWEF, 2002 17



Properties of the equations of motion

3

(%, ¥.) = (x(0) +v(0)/f, y(0) —u(0)/f) (27)
X(x(0), 8t) = x.+ (x(0) —x.)cos(fdt) — ((0) —y.) sin(fd¢)

Y(x(0), 0t) = y.+(y(0) —y.)cos(fdt) + (x(0) —x,.) sin(fdt)
Z(x(0), 8t) = 2(0) +w(0)3t + %gg&z

0
Themappingx(0), ¥(0), z(0) to X (6t), Y (8¢), Z(dt) doesnot satisfythe continuity equationor theboundary
conditions. Therefore we correct this first guess by findif@) satisfying

X(x(3t)) = OP(x(8t)) (28)

whereP is acorvex function. Thecorvexity is becauséhemapfrom x(8¢) to X(x(d¢)) is closeto theidentity:
_ 1 ! 2 - 2, 1 152201

X(x(8t)) = x(dt) +=C 0,0M"(x(d¢))d¢2 = O=%|x(d¢)3 +=C 6,M'd¢t (29)
2 p D 27, O

Thedifferencex(dt) — X (x(0t)) representshe effect of thepressurgradienttermintegratedover thetime-step.
Theproceduras illustratedin Figure12 for aone-dimensionatross-sectiomvithoutrotation. Thesolid linesrep-
resenffirst guesdrajectorieswhich arestraightlines,andthedashedinesrepresenthe quadraticcurvesobtained
by solving (28). Thesecurvesforce the mappingbackto the identity, which is the only possiblesolutionin one
dimension with fied boundaries.

5.0 ‘ : ‘ :

0.0 I I | |
0.0 0.2 0.4 0.6 0.8 1.0

Figure 12. lllustration of the projection of a first guess trajectory onto one that satisfies the continuity equation.
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The‘polar factorisationtheoremof Alexandrw, seePogoreloW1973,p.475),andBrenier(1991)provesthatthis
constructions alwayspossibleunderappropriateconditions It is equivalentto solvingaMonge-Ampereequation
(a nonlinearelliptic problem)for the trajectories.The right-handside of the Monge-Ampereequationwill be
smoothif the velocity gradientsare bounded.The resultis a measure-preservingnappingx(0t) — X(x(6t))
which satisfies the boundary conditions.

If this argumentis usedin the two-dimensionatase the boundon the velocity gradientsollows from (12). Caf-
farelli (1996) hasproved in two-dimensionghat, undersuitableconditions,the solution of the Monge Ampere
equationis smoothfor a smoothright-handside.lIt is thenpossibleto prove that x(d¢) — X (x(d2)) = O(d¢2). It
shouldthenbe possibleto breakary finite timeinterval (0, T') into n intervalsof length &¢ , andconstructa se-
quence of measure-preservingmappings X(0) - x(dt) - ... » X(ndt) - ... > x(T). Provided that
X(0t) — X (x(dt)) = O(dt?), thevelocity will evolve continuouslyin time asd¢ - 0 andthediscretesequence
of mappingswill corvergeto ameasure-preservingappingsatisfying(25). Thustheresultsobtainedby thevor-
ticity argument in3.3 should be reproduced.

In threedimensionsthe necessarpoundon the velocity gradientscannotbe proved, andit is possiblethat they
increase according to the equation

d
g2l = Cl0ul? (30)

As we saw in 3.2, this hasinfinite solutionsin finite time. At presenit is a majorresearclguestionasto whether
singularitiescanbegeneratedrom smoothinitial datain three-dimensionahcompressibler anelastidlows. The
majority opinionis thatthey can.If so,it may still be possibleto follow this constructionprovided thatwe can
prove x(0t) —X(x(d¢)) = O(dt2). However, the limit solutionmay involve particleslosing their identity and
‘mixing’, thus implying the dect of a small bt finite viscosity

A numericaimodelthatfollowsthis proceduretfinite resolutioncanbe expectedo bestableandcornvergeasres-
olutionincreasesT hekey propertiegshatmustbe satisfiedaretheaccuratesolutionalongtrajectoriesin particular
the useof quasi-monotonachemego ensurethatnew valuescannotbe generatedy adwection;andtheimplicit
modificationof the trajectoriesto enforcethe continuity equationandboundaryconditions.The possiblemixing
of trajectoriesastheresolutionincreasesvill beautomaticallyhandlecby theneedo averageall quantitiego grid-
points,so no extra viscosityshouldbe required.The requirementhatthe mappingfrom time-stepto time-stepis
measurepreservings just asappropriatefor a modelsolving (25) averagedover a finite region asfor the exact
solution.Thedifferencefrom thevorticity methodof section3.3is thatthe monotonicityrequiremennhow applies
to the \elocity components, rather than tharticity.

Notethat,if thesolutionsarenotsmoothandparticularlyif mixing of trajectoriesoccurs derivativesof theveloc-
ity field will becomemeaninglesdHowever, quantitiessuchasvorticity anddivergencemaystill be meaningfulin
avolume-intgratedsenseThusKelvin's circulationtheoremandlocal massbalancerelationswould still hold.
However, the presencef singularitieswould preventary proofthatsolutionswereunique,sotherewill beafun-
damentalossof predictabilityin the sensenf Lorenz(1969).Any resultsdeducedy manipulatingor differentiat-
ing the vorticity or divergence field will also be valid.

This methodof solutioncanin principle be appliedto the fully compressiblequationg21) provided u « ¢ . This
is relatedto theoreticaresults seelLions (1996),which show that,if bothsolutionsexist, thereis a solutionof the
compressibleequationscloseto that of the incompressibleequationswhere closenesss measuredn termsof
u/c . Thecontinuityequationvhichis enforcedoy the projectionnow expressesonserationof massyatherthan
non-divergence.

We canusethe solutionprocedurdo illustrate someotherpropertiesof the solution. If thefirst guesgressurds
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chosen to be theylrostatic pressurg,, , then(27) becomes

(%07.) = (x(0) +0(0)/ £, y(0) ~u(0)/ ) (31)
X(x(0), ) = %, -3 9(p,)842 + (x(0) ~x,)cOS(Bt) ~ (y(0) ~ y,)sin(fB)
Y= 335 PB * (3(0) =3,) os(ft) + (x(0) ~)sin(f31)

Z(x(0), 8) = 2(0) +w(0)3¢

Y (x(0), &t)

The largesttermthat contributesto X (x(0), &¢) —x(0) is thusremoved. However, the horizontalderivatives of
p;, mayblow up. The non-tydrostaticpressuras still critical in orderto enforcethe continuity equation,even
though the total pressure may be dominated byyHeoktatic part.

If therotationis rapid,thenx, —x(0) will be small,andthe projectionof X(x(0), 8¢) —x(0) ontoameasure-
preservingnappingwill be muchsimpler Thuswe canexpectrapidrotationto improve the behaiour of the so-
lution.

5.3 Practical implications of solution procedure

We summarise the implications of the solution procedure set out in theyzrsubsection:

0] Quasi-monotoneschemesshould be used,as good behaiour of the equationsintegratedalong
particle paths (without the pressure gradient term) is required.

(i)  In supportof this, notethat ECMWF only obtainedsatisictory behaiour of their modelat T213
resolutionafterquasi-monotonechemesvereintroduced{Tempertoretal. 2001).Now they arein
use,satishctoryresultsat resolutionaup to T799 have beenobtainedwithout furtherchangego the
schemesExperiencewith very high resolutionsimulations,suchas of bubble corvection,is also
that monotone schemes are needed.

(iif)  An elliptic problemhasto be solvedto force the trajectoriegto satisfythe continuity equationand
boundary conditions. Implicit recalculationof the trajectoriesin semi-Lagrangianmethodsis
needed.

(ivy  Eulerianmethodsshouldbe designedo be equivalentto semi-Lagrangiamethodsj.e. to upwind
guasi-monotonenterpolation. Note that the derivatives nominally approximatedby Eulerian
methodsmay not exist, but derivationsbasedon characteristicwill be valid. Flux form schemes
have the adantage of enforcing the continuity and boundary conditiaastsy.

We demonstrat@oint (i) by computationsisingananelastianodeldevelopedby P. Smolarkiavicz. The explicit

versionof this modelis describedn SmolarkiewiczandMargolin (1997)andthe implicit versionby Smolarkie-
wicz et al. (1999).Theareaof integrationwas2000kmsquareAll integrationsshavn used91 levelswith a300m
verticalspacinganda semi-Lagrangiasemi-implicitschemewith a5 minutetime-step Thelower boundarycon-
dition wasfree-slip,andno viscosityor turbulencemodelwasused.The exampleis of flow at 10 ms? impinging
on the Scandingan orograpi.

Figurel3shavstheflow atthebottomlevel of themodelandtheflow Jacobiaratthebottomlevel. Theflow Jaco-
bianis theratio of thevolumeof fluid atthe beginningandendof atime-stepasinferredfrom the departureoint
calculationin the semi-LagrangiaschemeThevaluesshouldbe 1. Theerrorsrangefrom +19%to -28%,andare
largestin theregion whereexperimentswith a shortertime-stepandmoreaccurateboundaryconditionshow the
numerical errors in the floare greatest.
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Figure 13. Lav-level flow and flav Jacobian. Contour inteail/3%.

Figurel4 shovsacross-sectionf the potentialtemperaturencludingbreakinggravity wavesforcedby theorog-
rapty. Theerrorsin theflow Jacobiamangefrom +12%to -19%,but arelessthan3% over mostof theregionwhere
the flow is smooth.
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Figure 14. Cross-section of potential temperature andJéobian. Contour inteasl/3%.

Thesesxamplesshaw thatthelargesterrorsarewherethetrajectoriesaremostdistorted ,or whereapproximations
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madeat the lower boundarylimit theaccurag of the schemelt shouldbe possibleto improve the simulationsby
correcting these errors.

5.4 The hydrostatic approximation

Thoughthehydrostaticequationsarenormallywrittenin pressureoordinatesfor uniformity we write theapprox-
imation directly into(21) as

D(u,v) o ong, _

“Dif +Cpem.—ay|]+( fuv,fu) =0 (32)
on _

CPGE +g=0

op _
E+Dt(pu)—0
DO _
D_t_o

p = Rpol

M

(p/ Po)"

Theseequationglmostcertainlyblow upin anirrecoverableway. Supposed is uniform,thenit will remainsofor

all time.Thena isindependenof x andy,anda,ﬁ areindependentf z . If, initially, z andv dependbn

z , thepressurgradientterm,which is independenof z , will be unabletoHreventﬂuid trajectoriexcolliding, as
. . . . . . 0l an .

in the exampleof 3.2 The equationof stateconstrainsp , in particular if 3% v aresmooth,p is alsosmooth.
The continuityequatiorthenrequires—bzu to tendto infinity. Thereis no kncwn%/)vay of resolvingthedifficulty in
two dimensionsanalogouso theone-dimensionatonstructiorof 3.2 Eitherviscosityor non-tydrostaticpressure
hasto be introduced However, if © andv areinitially independenbf z, they remainsofor all time andtwo-
dimensional theory can be used towtbat the problem can be set\

Scaleanalysisshavs thatthe hydrostaticapproximatioris only valid on time-scalegreatethanthereciprocalof

thebuoyangy frequengy, N-1 = 0/(gd6/9z) . Typical valuesare100s(a periodof 600s)in thetropospherend
10s(aperiodof 60s)in thestratosphereHowever, in moistsaturatesheutralregionsof theatmosphereN-1 - o,

assuminghasechangesreinstantaneoud.hecurrentECMWF modeltimesteps 900sfor ahorizontalresolution
of 40km. Thuswe canexpectto resol\e the typical periodwhenthe hydrostaticequationdreakdown at abouta
10km resolution. Haever, it will break davn locally in weakly stratified ggons before this.

In theabose example,N-! = o . Thusthehydrostaticapproximatioris invalid, andthebreakdavn of thesolution
shouldberesohedby includinga non-hydrostaticpressureatherthanviscosity In the currentECMWF semi-im-
plicit schemeareferencevasicstatewith alarge staticstability is usedin theimplicit step.Thisintroducesacom-
putationalnon-tydrostaticpressureof O((IN — N ,)0t?) , where N, is the buoyang frequeng of thereference
state Thisis sufficientto stabilisethemodel.However, it mayintroduceerrorsinto thesimulation.Figurel5showvs
theeffectof changinghereferenceprofile averagedver 12 forecastsvith the ECMWF model(CY23R4)atT511
resolution.

The hydrostaticequationsunlike the anelasticequationsganbe solved explicitly. However, evenin the UK Met
Office explicit Unified Model (CullenandDavies (1991),areferenceprofile is usedin the shorttime-stepsvhich
computethe pressuregradientandverticaladwection,sothatthe samestabilisatiormechanisnis presentlt is im-
portantto remembethata hydrostaticmodelstabilisedthis way will not give correctsolutionswherethe stratifi-
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cation is weak, the solutionsin theseregions will be a computationalartefact. It is thus importantthat the
parametrisations maintain an adequatellef stability
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Figure 15. Anomaly correlations for 12 forecasts for periods between August 1998 and September 1999 using

different reference profiles of temperature in the semi-implicit scheme.

6. AVERAGED EQUATIONS

6.1 Averaged equations, and their approximation by balanced models

The precedingsectionshave discussedxact equationsandapproximationgo themwhich arevalid for subsonic
flow. However, it is clearthat operationaimodelsgreatlyunderresolhe the solutionsof theseequationsasillus-
tratedby the obsenationsreviewedin Section2. In practice,it is morerealisticto view themassolvingequations
thathave beenaveragedn spaceandtime. Thisis well-known to large-eddymodellerswho arealwaysdisciplined
in defining aeraging scales in the problemsytsalve.

Figure4 illustratesthataveragingwill involve compromiseskor instancea horizontalaveragingscaleof 80km,
compatiblewith the T511 ECMWF modelresolutionof 40km, cutsthroughthe dominantscaleof frontal zones
andof internalandexternalgravity waves.Theplannedresolutionof 15kmachievablelaterin thedecadds com-
patiblewith a30kmaveragingscalewhichis still in themostactive scalefor mesoscal@eatheisystemandgrav-

ity waves. Thus accurate representation of these phenomena will not be possible.

Theoryalsoshaws thataveraginginvolvescompromisesAveragedequationsncludetermsrepresentingorrela-

Meteorological Training Course Lecture Series
0 ECMWEF, 2002 23



(20 Properties of the equations of motion
A\~ 4

tionsbetweerresohedandunresoledmotions,which canonly bemodelledempirically They thusneverhave the

fundamentavalidity of theoriginal equationsAccuratedeterministigpredictionwith averagedequationsanonly

beexpectedf thereis aspectrabap,which meanghatinteractiondetweerresohedandunresohedflowswill be

weak.However, Figure3 showvs thatthereis no suchgapin atmospheridata.Accuratepredictionis alsopossible
if theaveragingcanselectresohedandunresoledprocessewhichinteractweaklyfor otherreasonskor instance,
flows which arealmostentirely rotationalinteractweakly with flows thatarealmostentirely divergent.This situ-

ationis only likely if theaveragingreflectsa physicallyimportantscaleof theflow. However, in weatherforecast-
ing, typical resolutionsarefiner thanthe Rossbyradius,aborve which the rotationalconstraintdominatesbput not

fine enough to rescdvall the ley scales associated with stratification.

If theequationsareaveragedn spaceandtimein a Euleriansenseandthe sub-gridmodelis correct,thesolutions
mustbe smoothon the averagingscalebecauséhe real flow is smoothwhenaveragedo this scale.The analysis
of section5.2 suggestshatthis will be achievedin anincompressiblenon-tydrostaticincompressiblenodel by
usingmonotoneadwectionschemeandimplicit calculationof trajectoriesThis hasbeenverifiedby computations
usingthesamemodelasusedin section5.3. However, it is importantthatsub-gridmodellingof motionswhichare
sub-gridscalebut have a majorlarge-scalémpact,suchasconvection,needto assumehattheir input datarepre-
sentsaveragedvaluesand be designedso that the solution of the resoled and sub-gridmodelstogetherstays
smooth on thewaeraging scale.

Thereis noreasorwhy theform of the unaveraged\Navier-Stokesequationsasto beretainedoncethe equations
areaveragedFor instancethe hydrostaticequationdecomeappropriatavhenthe averagingscaleis greateithan
about15km,astheregionsof weakstability wherethe hydrostaticequationdblow up arenolongerresohed. An-
otherpossibilityis discussedby GentandMcWilliams (1996),andis widely usedin oceanmodels Averagingthe
adwection termu 116 gives

uld6 = u[Me+u' e (33)

assuminghatperturbatiomquantitiesaverageto zero.Thefinal termcanbe modelledin termsof meanquantities
as A6+ BB, whereA istheantisymmetrigpartand D the symmetricpart. A canbe modelledasadwectionby
a‘bolus’ velocity, e.g.Stokesdrift or ‘entrainmentvelocity’. This providesa non-diffusive elemento the sub-grid
model, and allees smoothness to be achéel without relying entirely on difsion.

Ideally, we would lik e to averagewithoutimposingsmoothnesssoasto capturesharpchangesuchasthatillus-

tratedin Figure6. Onepossiblemethodis to useLagrangiareveraging sothatwe averageover air parcelsasthey

move in spaceandtime, but allow differentair massedo be separatedby sharpboundariesAn exampleof this
approachs setoutby AndrewsandMcintyre (1978)andBuhlerandMcintyre (1998).They shav thattheLagrang-
ian mean momentum equationéskthe from

DUED) 4 ¢ 00(M +m)+ (-fo, fu, 8) = O (34)

p is the ‘pseudo-momentumassociatedvith the wavesremaoved by averaging.Thetrajectoryis definedby the
‘Lagrangianmean’velocity. Tt is aperturbatiorpressureOnceagain we seethatthetrajectoryis definedby a dif-
ferent \elocity from the momentum.

A naturalaveragingscaleis givenby theinertial frequeng f. The semi-geostrophimodelis anaccurateapprox-
imationto (34)if (D/Dt)(wind—direction) « f .t is obtainedby neglectingm andassumingu + p isin ge-
ostrophicbalance.This model can be proved to have solutions,e.g. Cullen and Purser(1989), Benamouand
Brenier(1998),but the condition (D/Dt)(wind—direction) « f restrictsits accurag to scalesgreaterthan

24 Meteorological Training CourseLecture Series
0 ECMWEF, 2002



Properties of the equations of motion £
A~ 4

the Rossby radius (Cullen, 2000). Accuray of semi-Lagrangianadwection schemes requires that

(D/ Dt)(wind —direction) « 8¢2~1 , which is a conditionof the sameform but muchlessrestrictive at opera-
tional resolutionsThecurrentoperationatesolution, T511is integratedwith a 15 minutetime-stepTheaccurag
conditionis thus 12 timeslessrestrictive thanthe semi-geostrophiconditionin middle latitudes.It thusallows a
wider variety of solutions, such as inertiahwes.

Anothernaturalscaleis definedby the conditionthatthe FroudenumbetU / NH is small. This requiresinternal
gravity wavesto propagtefasterthanthe adwectionvelocity. In the ECMWF modelwith 60 levels,only 5 vertical
modeshave a phasespeedyreaterthan100mst, andonly 15 greaterthan30mst. Thusbalancednodelsbasedon
fast graity wave speeds are only Bky to work with limited \ertical resolution.

A finer naturalaveragingscalewould be given by the buoyang frequeng. As discussedn section5.4, thisis not
resohedin operationamodels.Thuswe eitherhave to accepta mixture of well- andpartly-resohed motions,or
impose a rather restriggé averaging scale.

6.2 Computations of averaged solutions.

Sincethe averagingscalesusedin operationamodelsdo not correspondo a physical scaleseparationgventhe
correctaveragedbehaiour may notlook like whatis expected We illustratewith an exampleof flow over Scan-
dinavia shavn in Figure16. Thereis a north-westerlyflow roughlyatright anglesto the Scandingian orograply.
A satellitepictureatthe sametime, Figure 17, shavs possiblevave activity overthe mountainsput skiesareclear
overtheBaltic. Thuswe expectthatthe solutionof theequationsill containlargeverticalmotionsovertheorog-
raply, but only smallvertical motionsover the Baltic. A cross-sectiofirom a forecastusingthe thenoperational
modelat T319 resolutionis shavn in Figure 18. The cross-sectiotine extendsacrossthe Baltic. However, the
modelorograply, shovn in thecross-sectiorhasadownslopewhich alsoextendshalf-way acrossvherethe Baltic
shouldbe. The cross-sectioshawvs verticalmotionsextendingright acrosghe Baltic. However, they maywell be
arealisticrepresentationf how theatmospheravould have respondedo the modelorograply. Otherexperiments
(not shavn) shav that the model aves are not numerical aréets.

Sunday 15 March 1998 12UTC ECMWF Forecast t+ 72 VT: Wednesday 18 March 1998 12UTC
SURFACE: mean sea level pressure

Figure 16. Mean seavel pressureer NW Europe for 18 March 1998.
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Figure 17. METEOSR visible picture for 18 March 1998, 1200 UTC.

/135 1998-03-15 1200h step 72 expzx8w

Figure 18. Cross-section ofrical elocity from operational formulation at T319 and a 20 minute time-step.

We shawv thattheforecastdrom the operationamodelmaywell be accuratdorecastf the averagedstateof the
atmospherdy usingtheresearchmodelusedin section5.3. The problemsolvedis exactly asin 5.3 We compare
integrationswith a 10km grid wherethe resultsare averagedo a 80km grid with resultsfrom the modelwith a
40kmgrid. Becausef numericalerrors,we canonly expectresultsfrom a40kmgrid to beverifiableat 80kmres-
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olution. Theagreemenis quitegood,bothfor thelow-level flow, Figure19, andfor theverticalmotion,Figure20.
Theoperationamodelusedto produceFigure18 hasa resolutionof about60km. Theresultsshovn in Figure20
aresuficiently similar to this to suggesthatthe operationamodelmay be giving a reasonabl@redictionof the
averagedlow. A similar comparisorwas madebetweena 20km modelandthe 10km resultsaveragedo 40km.
Again there vas reasonable agreement.

flow at time= 1440.000 k= 1 flow at time= 1440.000 k= 1

cmx.cmn.cnt: @.1280E+04 0.1280E+03 0.1280E+03 cmx.cmn.cnt: @.1024E+04 @.1280E+03 @.1280E+03
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Figure 19. Comparison ofuslevel flow produced by 40km model (left) and 10km modairaged to 80km
(right)

w at time= 1440.000 j= 26 w at time= 1440.000 j= 13
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Figure 20. Comparison ottical \elocity cross-section produced by 40km model (left) and 10km model
averaged to 80km (right).

Meteorological Training Course Lecture Series
0 ECMWEF, 2002 27



(20 Properties of the equations of motion
A\~ 4

6.3 Balanced models

As discussedn section5.1, the exactequationggoverningthe atmosphersupports time-like solutions.Two of

thesecanbefilteredwill little lossin accurag becauseheflow is very subsonicHowever, we cannotfurtherre-

ducetheequationgo give a systemwith onetime-like variableby eliminatinginertio-gravity wavesandretainac-

curag in all circumstancesThis is becauséhe inertio-gravity wave frequeng, (22), is similar to the adwection
frequengy undermary circumstancedn orderto obtaina ‘balancedmodel’ with a singletime-like solution,we

mustassumehat eitherthe RossbynumberU/ fL , the FroudenumberU/ NH , or the aspectratio H/L is

small. Theresultingequationswill have muchsimplersolutionsthaneitherthefull equations(21), ortheanelastic
approximation25). Typically they canbe describedy adwectionof potentialvorticity, togethemith the solution
of anelliptic problemto obtaintheothervariablesHoskinsetal. (1985).However, we canexpectthe solutionsto

be accurate approximations to those of the full equations ga $aales.

An exampleis shavn in Figure21. Thisis asequencef ECMWF analyse®f potentialvorticity in theuppertrop-
osphereandaccumulategbrecipitation.We canseethe closerelationbetweerthe movementanddevelopmentof
the potentialvorticity anomalywith the mainareasof precipitation.lt is likely thatthis correspondenceould be
retained in a balanced model, though the small scale detalitlvee lost.

ECMWF Analysis VT: Wednesday 7 March 2001 12UTC ECMWF Analysis VT: Thursday 8 March 2001 00UTC
315 hPa potential vorticity

-

ECMWF Analysis VT: Thursday 8 March 2001 12UTC
315 hPa potential vorticity

Figure 21. Analyses of potentiabrticity on the 315K sudce and 12 hour accumulated precipitation ending at

analysis time.

Therearemary examplesof balancednodels basedn differentexpansionsn Rossbyor Froudenumbersor as-
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pectratio. Two examplesarethe balanceequationsandthe semi-geostrophimodel. The formeris a muchmore
accurateapproximationin the context of the shallov waterequationsCullen (2000),but in threedimensionds

liableto spontaneoumstability McWilliams et al. (1998).Thesemi-geostrophimodelcanalwaysbesolved,Cul-

lenandPurser(1989),BenamowandBrenier(1998),giving a ‘slow manifold’, but the solutionswill notbeasac-

curate.Thisreflectsthe compleity of thetrue solution,forcing a choicebetweeranaccuratdocal approximation
by asimplemodelor alessaccurateglobalapproximationFigure22 is a schematidllustrationof thischoice.The

thin line representshe exact solutionof the equationsf motion. The thick solid line representshe Lagrangian
mean,with occasionakharpchangesThe short-dashedine representshe semi-geostrophisolution, which is

muchsimplerthanthe solutionof the equationf motion,asmary typesof motionarefiltered. The solutional-

waysexists but slowly losesaccurag. Thelong-dashedine representshe solutionof the moreaccuratebalance
equationsyhich cannotbe solved underall conditions.The breakdavnswill usuallycorrespondo placeswhere
theexactsolutiondoesnotbehae smoothly socannotbecloselyapproximatedby asimplersolutionMcWilliams

etal., 1998).

Example solution curves

20 T T
—— PE
Averaged PE
15 ---- SG

——-BE

05 J .

0.0 i 2k Al AN 4

0.0 0.2 0.4 0.6 0.8 1.0
Time

Figure 22. Schematic graph of solution @sof &act, aeraged and approximate models.

A practicaldifficulty with theuseof balanceechniquesn operationamodelsis thesolutionof theelliptic problem
to derive othervariablesfrom the potentialvorticity. In orderto derive the divergence or vertical motion, or age-
ostrophic wind; we hze to sole an ‘omea’ equation. This tads the generic form

Lw=F (35)

Theaccuray of thebalancednodelassumeshatthe eigervaluesof L arelarge,sothatarealisticestimateof the
verticalmotion w is producedrom theforcing F . However, asdiscussedh section6.1, balanceassumptionare
notapplicableon the smallerhorizontalandvertical scalesesolhed by the ECMWF model,andthis will beasso-
ciatedwith smalleigervaluesof L . For instancethereare 11 verticalmodesin the 60 level modelwith internal
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gravity wave speeddessthan3mst. Straightforvardapplicationof (35) will thusleadto verylargeandunrealistic
results.Thisis why, for instancenonlineamormalmodeinitialisationcannoteusedfor morethanabout5 vertical
modes.

6.4 Structure of the solution of the semi-geostrophic model

As shown in section6.1, the semi-geostrophimodelis mostusefully consideredisanapproximatiorto the aver-
agedequationssowe mustincludethe sub-gridmodelterms.In thesenoteswe cannotconsidermorethanavery
limited partof the sub-gridmodel.A fuller discussiorof this materialis includedin CullenandSalmond(2002).
The semi-geostrophic equations can then be written as:

Du 0 0

B+ o8N + (v, fu) = =K y7-(2(uy, v,) = (,0))3 (36)
gp+ Odpu) =0

D8 _

i - S

p = Rpon

N = (p/po)*

0 aubD
oo+ 5,5, 0 T az%{bazm_gﬂ C, 00

Theboundarylayerfriction is representetly verticaldiffusion,andS is athermodynamisourceterm.The mix-
ing coeficient K, is computedonly from the balancedvariables.The lastequationof (36) hasbeenmodifiedto
includethefriction terms,so that geostrophidalancehasbeenreplacedby Ekmanbalance hencethe sufiix & .
Write thelastequatiorof (36)in theform OM = F(v,, —u,;, 8) , whereF is amatrixoperatorTheequationsan
then be written, follwing Schuber{1985) as

u—uy

Qlv-v, +%F—1DI'I =H (37)
w
where
0 0
ftup, Ub;ﬁa%%@% Upe
Q= +Qg (38)
Upx f %{bazm f_uby —Up,
L O Oy ©. |
and
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—Ub D:lvb
H = ub D]U/b (39)
u, (e +S

We have allowedadditionallyfor theeffectsof moisture notincludedin (36), by using® to representhepotential
temperaturén unsaturatedegionsandthemoistequivalentpotentiatemperaturé, in saturatedegions,andQg
to represent a non-local matrix describing theveotive plumes.

Equation(37) shavsthattherateof changeof thebalancegressurés drivenby theforcingtermH . Theresponse
totheforcing, expressedsthetotalwind (u, v, w) , is determinedy thepotentialvorticity matrix Q . H contains
geostrophi@adwection,radiation,andverticaldiffusion,all of which have slow time-scaleslf H containgasttime
scalegcomparedo /1), thisdecompositiors inappropriatelt is equallyimportantnotto forceoperationamod-
els on &st time-scales, since the response is alylito be modelled realistically

ThePV matrix Q includesthestabilisingeffectof boundarylayerfriction, andthedestabilisingeffect of moisture.
If theatmospherés stableto moist(slantwise)ascentthefirst matrix termin (38) hasall positive eigervalues.If
aneigervaluebecomegero,the smoothtransportvelocity («, v, w) is replacedoy mixing overtheregionwhere
thezeroeigervalueexists.If thereis anegative eigervalue,theseconderm,which representthenon-localeffects
of cornvection,comesdnto play. A ‘correct’ cornvective parametrisatiofor thefull equationg21) shouldensurahat
the totalQ has no ngative eigernalues, or else the model will still suppoxpécit corvective instability

It canbeproved,CullenandPursei(1989),thatthereis anessentialljuniquechoiceof trajectorythatsatisfieq37),
andmaintainsapressurevhoseimplied geostrophiavind andtemperaturareinertially andstaticallystable If the
actualstateis potentiallyunstableto moistcorvection,this solutionwill includecorvective plumes,asillustrated
in Figure23, anddiscussedn moredetailby Shuttset al. (1988).Realstateswvhich arestaticallyor inertially un-
stableevolve ontime-scalegasterthan /-1, sothatthe semi-geostrophiapproximatioris inappropriate The ef-
fectof theapproximatioris to force suchfastmotionsto happerinstantaneousjysothatthereis asharpboundary
betweerislow’ and'f ast'motions.As shovn earlierin Figure3, thisis asimplificationof therealcasewherethere
areno sharpdistinctions.In operationamodelsof resolutionsimilar to ECMWEF, Figure4 shavs thatthereis not
enoughresolutionto treatmary ‘f ast’ motionsaccuratelysothey have to be parametrisedThe practicalsituation
is thus not that diérent from the simplified picture of equati(8v).

Sincethetrajectoryis determinedmplicitly by theforcing, implicit calculationof thetrajectoryis preferredn op-
erationalmodels.Theboundarylayerfriction, which appearsn thelowestorderbalanceandthe corvective mass
transport, should also be determined implicitly

Figure24 andFigure25shaw theeffectof usingapredictorcorrectorschemeo integratethedynamicsandphysics
in CY23R40f the ECMWF model.Furtherdetailsaregivenin CullenandSalmond(2002).In this schemesach
time-stepis repeatedallowing implicit adjustmenbf the trajectoriesandthe parametrisedransportsFigure 25

shavs thatthe effectis largerthanthatobtainedby simply halvingthetimestep Figure24 shavs thatit is compa-
rable,exceptat the endof the forecastrangeto the differencemadeby changingthe horizontalresolutionfrom

T319 to T511.
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Figure 23. Left: Fluid element picture stiag a \ertical cross-section of a frontal zone with moisture (hatched
elements). Right: the striped elementgenbeen cooled by precipitatioallfng from the cowmecting elements.
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Figure 24. Left: comparisorof predictorcorrectorphysicswith controlforecastpothat T511resolution Right:
comparison of control forecasts at T511 and T319 resolutions.
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Figure 25. Left: comparison of predictoorrector plisics aginst control forecasts, both with 20 minute

timesteps. Right: comparison between control forecasts with 10 and 20 minute timesteps.

7. SUMMAR Y

We have discussedhe propertiesof somevery simplemodelswhich arerelevantto aspectof atmospheridlow,
andthenillustratedhow they give informationaboutthe solutionof the completeproblem.The mainpointswhich
are rel@ant to the design of operational models are summarised.belo

0]

(i)

(iii)

(iv)

The full solutionsof the equationsof motion have well-behaed solutions,but they are far too
detailed to compute correctly in operational models.

Simplificationsof the full equationanay or may not have well-behaed solutions.The hydrostatic
equationsdo not have solutionsfor weak stratification. The semi-geostrophiequationsalways
have solutions, bt these only describe relatly lage scale flav where rotation is dominant.

Accuratesolutionof the completeequationgor high Reynoldsnumbersubsonidlow (the relevant
case)requiresimplicit determinatiorof the trajectoryand solutionof an elliptic problem.Proper
treatment of rigid boundaries is particularly important.

Operationalmodels are most realistically thought of as solutions of averagedequations.Only
certainaveragingscalescorrespondo physical scaleseparationsptherchoicesof scalewill notbe
soeffective in practice.The averageof a real atmospheristatemay not look like whatonewould
expect.
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(v) Balancedmodelsare a usefulguideto the large-scalebehaiour of the atmospherein particular
how to combine resokd and parametrised processes.
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