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1. INTRODUCTION

Numericalweatherpredictionis generallyperformedby numericalintegrationof thehydrodynamicequationsgov-

erningatmosphericmotions.Therefore,thedifferentialequationstakinga grid-pointmodel,for example,areap-

proximatedby finite differenceequationsappliedto agrid of finite volumes.In contrastto theoriginaldifferential

equationswhich describethe whole spectrumof atmosphericmotions,the finite differenceequationsof a grid-

point modeldescribeonly thosescaleswhich arelarger thantwice thegrid length.For practicalreasonsthegrid

lengthin numericalforecastmodelscannotbereducedverymuchbelow 100km and,therefore,atmosphericproc-

esseson scalessmallerthan100km areexcludedfrom thosemodels.However, small-scaleflow affectsthemean

flow as,for instance,considerableamountof watervapour, sensibleheatandmomentumaretransportedby turbu-

lentandconvectivemotions.Theeffectsof thesubgrid-scaleflow onthemeanflow maybeignoredfor shortfore-

castperiodsof upto 1 to 2 days,but they becomeincreasinglyimportantfor longerperiodsandmustbeconsidered

in modelsfor medium-rangeforecastsandin general-circulationmodels.Sincesubgrid-scaleprocessesarenot in-

cludedin models,only theirstatisticaleffectson themeanflow canbetakeninto account.Thestatisticalcontribu-

tionsby thedifferentprocessesmust,therefore,beexpressedin termsof the large-scaleparametersthemselves.

The mathematical procedure involved is generally called parametrization.

In thefollowing sectiontheproblemof parameterizationis discussedfrom a generalpoint of view, i.e. in relation

to the scales of atmospheric motions.

2. THE SPECTRUM OF ATMOSPHERIC MOTIONS

Atmosphericprocessesaregenerallyobservedoverabroadspectrum,rangingfrom microturbulentflow to plane-

tarywaves.Fig. 1 givesanideaof thecharacteristictimescalesandlengthscalesof severaltypesof atmospheric

process.We noticethatmicroturbulentprocesseshave a characteristiclengthscaleof 1 m, cumulusconvection1

km,deepconvection10km,mesoscaleprocesses(liketropicalcloudclusters)100km andsynopticaldisturbances

1000km to 10000km. In addition,Fig.2 showshow theenergy is distributedspectrallynearthesurface.Thespec-

trumshown is theclassicalspectrumof horizontalwind speedgivenby vanderHoven(1957).Thespectrum

hasamaximumathighfrequencies( ) whichcorrespondsto microturbulentflow of lengthscalesof

1 m to 100m ( is thefrequency, is theperiodof oscillation, is thespectralenergy density).An-

���( )� 50 hours 1–∼� 1 τ⁄= τ ���( )
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othermaximumis foundfor verylongperiods( days)whichreflectssynopticaldisturbances.A thirdweaker

maximumappearsat a periodof which is thatof diurnaloscillations.We alsoobserve a broadinterval

of smallvaluesaroundaperiodof min with acorrespondinglengthscaleof km ( ) The

smallestscalesresolvedin aforecastmodel( km) fall into thisspectralinterval, sothatthespectralregion

aroundthefirst energy maximumbelongsentirelyto thesubgrid-scale.For forecastmodelsthespectralinterval of

thelarge-scaledisturbancesis of primaryinterest.Therehavebeenmany attemptsin thepastto derive thespectral

distributionof kineticenergy from observationaldata,mostrecentlyby ChenandWiin-Nielsen(1978).Theinves-

tigationsshow thatthekineticenergy followscloselya–3powerdistributionfor largewavenumbers(Fig.3 ). The

–3powerlaw seemstobedueto thetwo-dimensionalcharacterof thelarge-scaleflow. Three-dimensionalisotropic

flow which is typical for thesmall-scaleturbulentprocesseson the otherhandshows a –5/3power distribution.

Both distributionsarevalid only for inertial subrangesof the spectrum,wherekinetic energy (or enstrophy) is

merelytransferredfrom thelargerscales(whereproductionoccurs)to thesmallerscalesof dissipation.Theoretical

aspects related to this problem are reviewed byLilly  (1973).

Figure  1. Characteristic scales of atmospheric processes
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Figure  2. Spectrum of the horizontal wind velocity. After van der Hoven (1957). Some experimental points are

shown on the graph.

Figure  3. The kinetic energy  for the total atmosphere as a function of a two-dimensional spectral index ( )

plotted on logarithmic scales. (AfterChen and Wiin-Nielsen (1978)).

3. THE NON-PARAMETRIZED EQUATIONS

In a forecastmodelonly the large-scaleflow canbe explicitly prescribed.The differentialequationsof motion

� �
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must,therefore,berewritten in suchawaythatthetimeevolutionof themeanflow, asresolvedby thegrid, is pre-

scribed. This is achieved by averaging the equations.

For simplicity we consider here processes in dry air. The equations of motion are then

Navier-Stokes equations of motion

(1)

Mass continuity equation

(2)

First law of thermodynamics

(3)

Equation of state

(4)

here

The frictional force  results from a convergence of viscous momentum flux as

(5)

where  is the stress tensor with the components

is thecoefficientof viscosity, is theKroneckerdelta( if and , if ) andquantities

involving a repeated index are to be summed over the index.

The rate of conversion from kinetic energy into internal energy due to viscosity is

∂ ρv( )
∂ 	-------------- ∇ ρv v⋅( )⋅+ ∇
– ρ∇ϕ– 2ρΩ v F+×–=

∂ρ
∂ 	------ ∇ ρv( )⋅+ 0=

∂ ρ �( )
∂ 	-------------- ∇ ρ � v( )⋅+ 
 ∇ v ρ � ε+ +⋅=


  ρ �=


 pressure=

v velocity=

ρ density of air=

α 1
ρ
--- specific volume= =

ϕ gravitational potential=

F friction=

� ����� internal energy= =

� rate of accession of heat from external sources=

ε rate of conversion of kinetic energy into heat by friction=

F

F ∇ �⋅=

�

��� � µ 2
3
---δ � � ∂ ���∂ ���---------

∂ ���
∂ ���--------

∂ ���
∂ ���---------+ 

 –=

µ δ� � δ� � 0= � 0≠ δ� � 1= � �=
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(6)

(the two dots indicate a double scalar product).

Theequationfor thekineticenergy , theequationfor thepotentialenergy andtheequationfor the

internal energy  follow from (1) to (5)as

(7)

From these equations we see that time changes of the different kinds of energy result from

1) Convergence of energy fluxes across boundaries

2) Conversions between the different kinds of energy

3) External heating

 (radiative exchanges and heat conduction through the boundaries of a unit volume)

Dissipationof eddykineticenergy into heatby viscousflow takesplaceatthesmallesteddiesof themicroturbulent

spectralsubrange.Theirdimensionsrangefrom1mmtoseveralcmandtheirtimeperiodsarefractionsof asecond.

The viscous flow occurs at the far end of the spectrum shown in Fig. 2, with .

Thepredictionequationsof a forecastmodelarederivedby averagingtheequations(1) to (5). Theaveraginggen-

erally applied is the Reynold's averaging which, for one dimension, takes the form

(8)

Theoriginal value is thendefinedasthesumof theaveragedvalue (meanvalue)anda fluctuation (or

eddy value)

(9)

It is convenient to introduce also a weighted operator

ε P ∇v⋅ ⋅=

ρ � 1
2
---ρv2= ρϕ

ρ �

∂ ρ �( )
∂ 	--------------- ∇ ρv � 
 v P v⋅–+( )⋅+ ρv ∇ϕ 
 ∇ v P ∇v⋅ ⋅–⋅+⋅–=

∂ ρϕ( )
∂ 	--------------- ∇ ρvϕ( )⋅+ ρv ∇ϕ⋅=

∂ ρ �( )
∂ 	-------------- ∇ ρv �( )⋅+ 
 ∇– v P ∇v ρ �+⋅ ⋅+⋅=

∇ ρv � 
 v P v⋅–+( )⋅
∇ ρvϕ( )⋅
∇ ρv �( )⋅

ρv ∇ϕ⋅

 ∇ v⋅
ξ P ∇v⋅ ⋅=

�

� 1000»

 �( ) 1
∆�-------

 � � ′+( ) � ′d
∆ ! 2⁄–

∆ ! 2⁄

∫=

   
′

   
′,     where
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(10)

and we similarly have

(11)

To derive the equations for the mean motion we make use of the following rule

(12)

The equations for the mean motion follow then as

 1
ρ
---ρ
 

=

)

   
″,     where

 
″+ ρ

 
″= =

) )

ρ"$# ρ "%# ρ" ″ # ″+=

) )
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Momentum equation

(13)

Continuity equation

(14)

First law of thermodynamics

(15)

Equation of state

(16)

We see that:

Theequations(13) to (15) for themeanmotion , and have thesameform astheoriginalequations(1) to

(3) for , , and , andfollow simply from thoseby replacingthevariablesby themeanvalues.However, the

equations for the mean value contain additional terms

whichdependontheeddymotion.Theterm in themomentumequationis calledtheReynold'sstressand

actsasanadditionalfriction to theaverageNavier–Stokesstresstensor . Fromtheequations(13) to (15)wecan

derivetheequationsfor thedifferentkindsof energy. As thekineticenergy splitsupinto two parts,i.e. thoseof the

mean motion and of the eddy motion

theequationfor thekineticenergy of theeddymotionmustalsobeconsidered.Theenergy equationsmaybewrit-

ten as

∂ ρv( )
∂ 	-------------- ∇ ρ v v ρv″v″ 
–+( )⋅+ ∇
 ρ∇ϕ– 2Ω ρ v×––=) ) )

∂ρ
∂ 	------ ∇ ρ v( )⋅+ 0=)

∂ ρ �( )
∂ 	----------------- ∇ ρ � v ρ � ″v″ 
–+( )⋅+ 
 ∇ v 
 ∇ v″⋅ ρ � P ∇v⋅ ⋅+ +–⋅–=

) ) ) ) )


  ρ �=
)

v) ρ � )

v ρ �

∇ ρv″v″( )⋅

∇ ρ � ″v″( )⋅


 ∇ v″⋅

ρv″v″–

P

ρv2

2
----- ρ v

2

2
-------- 1

2
---ρv″2+=

)
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(17)

As wasdonefor theenergy equations(7) for thenon-averagedflow, theenergy conversionsbetweenthedifferent

kinds of energies can be seen from the equations(17) for the mean flow and for the eddy flow.

In contrastto thedifferentialcase,therearenow explicit conversiontermsfrom thekineticenergy of themeanflow

to that of the eddy flow and from the eddy kinetic energy to the internal energy.

1) Dissipative heating due to viscous momentum flux.

2) Generation of turbulent kinetic energy by mechanical turbulence in a shear flow.

3) Thework doneby the turbulentflow againstthepressuregradient.The largestcontribution comes

from the vertical componentin the boundarylayer asthe pressuregradientterm is relatedto the

turbulent heat flux

Thus turbulent kinetic energy is generated/destroyed dependingon the turbulent heatflux being

upward or downward.

4. PRINCIPLES OF PARAMETRIZATION

Consideringtheprognosticequations(13) to (15) for themeanmotion,we arefacedwith thegeneralproblemof

parametrization,i.e. to determinethetermsdependingon viscosityandon theeddymotion.Theproblemis gen-

erally solved in forecast models as follows:

Theviscoustermsarenot takeninto account,asthesinkof kineticenergy of themeanflow dueto viscousflow is

smallcomparedwith thatresultingfrom thetransferto eddykineticenergy. Consequently, thewarmingeffectdue

to dissipation is also neglected in the thermodynamic equation.

The eddy terms are generally specified in one of the following three ways.

1) Eddy fluxes are neglected.

2) Eddy fluxes are determined by means of the-theory.

∂
∂ 	----- ρ v

2

2
-------- 

  ∇ ρ v
v

2

2
-------- v 
+

⋅+

v 
 ρv″v″–( )– )
= ρ v ∇ϕ⋅– 
 ∇ v⋅+ P..∇v– ρv″v″+ ..∇v

∂
∂ 	----- ρϕ( ) ∇ ρvϕ( )⋅+ = ρ v ∇ϕ⋅

∂
∂ 	----- ρ �( )

∇ ρ v � ρv″ � ″ 
 v″++( )⋅+

= 
– ∇ v⋅ P..∇v+ P..∇v″+ +v″ ∇
⋅

∂
∂ 	----- ρ v

2

2
-------- 

 

∇ v ρv″2

2
-------- v″ρv″2

2
-------- v″P–+

 
 
 

⋅+
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)

)
)

)

)

)
)

)

) )

)
)
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3) Eddy fluxes are specified using higher order closure schemes.

Thefirst schemeis oftenusedin barotropicmodels.Neglectof theeddytermsin barotropicmodelsseemsjustified,

sincetheenergeticconversionsin barotropicflow arereducedto transformationsbetweendifferentkindsof me-

chanical energy. Horizontal diffusion is, however, sometimes included for reason of numerical stability.

The -approachis widely adoptedin baroclinicnumericalforecastmodels.Thismethodis basedon theassump-

tion thattheeddyflow yieldsdown-gradienttransferof momentumandsensibleheat.Takingtheeddymomentum

flux for example, we would have

where is thediffusioncoefficientof momentum.The -theoryis appliedto determineeddyfluxesin thehor-

izontaldirectionaswell asin theverticaldirection.An exampleof the -approachis givenin thelectureson the

parameterization of vertical eddy fluxes in the planetary boundary layer.

Higher-orderclosureschemesusepredictionequationsfor theeddyfluxes . Theseequationsaresimilar to

theeddykineticequationandcontaintriple productsof eddyvariables.Thesetriple productsmustbespecifiedei-

therin termsof thepredictedvalues(parametrized)or againbepredicted,which leavestheproblemof parametri-

zationat a higherlevel. A hierarchy of higher-orderclosuremodelsfor the planetaryboundarylayer have been

given byMellor and Yamada (1974).

REFERENCES

Chen,T. andA. Wiin-Nielsen1978On nonlinearcascadesof atmosphericenergy andenstrophy in a two-dimen-

sional spectral index. Tellus, 30, 313-322.

Lilly , D.K. 1973Lecturesin sub-synopticscalesof motionsandtwo-dimensionalturbulencein P. Morel,Dynamic

Meteorology, pp. 353-418.

Mellor, G.L. andA. Yamada1974A hierarchy of turbulenceclosuremodelsfor planetaryboundarylayers.J.At-

mos. Sci., 31, pp.1791-1806.

vanderHoven, I. 1957Powerspectrumof horizontalwind speedin thefrequency rangefrom 0.0007to 900cycles

per hour. J. of Met., 14, pp. 160-164.

van Miegham, F. 1973 Atmospheric Energetics, pp. 306, Clarendon Press, Oxford.

�

ρv″v″ ρ
�

M∇ v–= )

�
M

�
�

ρ � ″� ″


