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Abstract

The weatheris a chaoticsystem.Small errorsin the initial conditionsof a forecastgrow rapidly, and affect predictability
Furthermorepredictabilityis limited by modelerrorsdueto the approximatesimulationof atmospherig@rocessesf the state-
of-the-art numerical models.

Thesetwo sourcef uncertaintiedimit the skill of single,deterministicforecastsn anunpredictablavay, with daysof high/
poor quality forecasts randomly folled by days of high/poor quality forecasts.

Two of the mostrecentadwancesin numericalweatherprediction, the operationalimplementationof ensembleprediction
systems and the delopment of objectie procedures to tget adaptie obserations are discussed.

Ensemblepredictionis a feasiblemethodto integrate a single, deterministicforecastwith an estimateof the probability
distribution functionof forecaststatesIn particular ensembleanprovide forecastersvith anobjectve way to predicttheskill
of single deterministicforecastsor, in otherwords,to forecastthe forecastskill. The EuropeanCentrefor Medium-Range
WeatherForecast{ ECMWF) EnsemblePredictionSystem(EPS),basedon the notionthatinitial conditionuncertaintiesare
the dominant source of forecast ertisrdescribed.

Adaptive obsenationstargetedin sensitve regionscanreducetheinitial conditions’uncertaintiesandthusdecreaséorecast
errors.More generally singularvectorsthatidentify unstableregionsof the atmospheridlow canbe usedto identify optimal
ways to adapt the atmospheric observing system.
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1. INTRODUCTION

A dynamicalsystemshows a chaoticbehaior if mostorbitsexhibit sensitve dependencé_orenz1993).An orbit
is characterizethy sensitve dependencé mostotherorbitsthatpasscloseto it at somepointdo notremainclose
to it as time adances.

FC_0 1000hPa Z 1996-12-21 12h fc t+120 FC_25 1000hPa Z 1996-12-21 12h fc t+120
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Figure 1. (a)-(c)Forecasfor thegeopotentiaheightat 1000hPa (thisfield illustratestheatmospheristateclose
to the surdce) gven by three forecasts started froerwsimilar initial conditions, and (devifying analysis.
Contour interal is 5 m, with only @lues smaller than 5 m shio.

Theatmospherexhibitsthisbehaior. Fig. 1 shavsthreedifferentweatherforecastsall startedrom very similar
initial conditions.The differencesamongthe threeinitial conditionsweresmallerthanestimatedanalysiserrors,
andeachof thethreeinitial conditionscouldbeconsidereédsanequallyprobablesstimatenf the“true” initial state
of theatmosphereAfter 5 daysof numericaintegration,thethreeforecast®volvedinto very differentatmospheric
situations.In particular note the differentpositionsof the cycloneforecastin the EasternAtlantic approaching
UnitedKingdom(Fig. 1 (a)-(c)). Thefirstforecasindicatedwo area®f weakcycloniccirculationwestandsouth
of theBritish Isles;thesecondorecaspositionedamoreintensecyclonesouthwesof Cornwall, andthethird fore-
castkeptthecyclonein theopenseasThislatterturnedoutto bethemostaccuratevhencomparedo theobsered
atmospheristate(Fig. 1 (d). Thisis atypical exampleof orbitsinitially closetogetherandthendiverging during
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time evolution.

The atmospherés anintricate dynamicalsystemwith mary degreesof freedom.The stateof the atmospherés
describedy the spatialdistribution of wind, temperatureandotherweathewvariables(e.g.specifichumidity and
surfacepressure)The mathematicatlifferentialequationsdescribingthe systentime evolution includeNewton's
laws of motion usedin the form ‘accelerationequalsforce divided by mass’,andthe laws of thermodynamics
which describethe behaior of temperaturendthe otherweathervariables.Thus,generallyspeakingthereis a
set of diferential equations that describe the weathietlution, at least, in an approximate form.

Richardson(1922)canbe consideredhefirst to have shovn thatthe weathercould be predictednumerically In
hiswork, heapproximatedhedifferentialequationgoverningtheatmospherienotionswith a setof algebraialif-
ferenceequationdor thetendenciesf variousfield variablesat afinite numberof grid pointsin spaceBy extrap-
olatingthecomputedendenciesheadn time, he couldpredictthefield variablesn thefuture.Unfortunately his
results were ery poor both because of deficient initial data, and because of serious problems in his approach.

After World War |l theinterestin numericalweathepredictionrevived,partly becausef anexpansionof theme-
teorologicalobsenrationnetwork, but alsobecaus®f thedevelopmenbf digital computersCharney(1947,1948)
developeda modelapplyingan essentiafiltering approximationof the Richardson'squationspasedon the so-
calledgeostrophi@andhydrostaticequationsin 1950,anelectroniccomputeENIAC) wasinstalledat Princeton
University andCharneyFjgrtoftandVon Neumann& Ritchmeyer (1950)madethefirst numericalpredictionus-
ing theequivalentbarotropicversionof Charng’s model. This modelprovidedforecastof thegeopotentiaheight
near500hPa,andcouldbeusedasanaidto provide explicit predictionsof othervariablesassurfacepressureand
temperaturealistributions.Charng's resultsled to the developmentf morecomplex modelsof the atmospheric
circulation, the so-called global circulation models.

With theintroductionof powerful computersn meteorologythe meteorologicacommunityinvestedmoretime
andefforts to developmorecomplex numericalmodelsof the atmosphereOneof the mostcomplex modelsused
routinely for operationalweatherpredictionis the oneimplementedat the EuropearCentrefor Medium-Range
WeatherForecastgECMWEF). At thetime of writing (Decembe1999),its is basedon a horizontalspectrakrian-
gulartruncationT319with 60 verticallevelsformulation(Simmonset al. 1989,Courtieret al. 1991,Simmonset
al. 1995).1t includesa parameterizationf mary physicalprocessesuchassurfaceandboundarylayerprocesses
(Viterbo & Beljaars 1995) radiatiorMorcrette1990), and moist processasgdtke 1993,Jacob1994).

Thestartingpoint,in mathematicalermstheinitial conditionsof any numericalintegrationis givenby very com-
plex assimilationprocedureghat estimatethe stateof the atmospherdy consideringall available obsenations.
Thefactthatalimited numberof obsenationsare available (limited comparedo the degreesof freedomof the
system)andthatpart of the globeis characterizedby a very poor coverageintroducesuncertaintiesn theinitial

conditions. The presence of uncertainties in the initial conditions is the first source of forecast errors.

A requiremenfor skilful predictionss thathnumericaimodelsareableto accuratelysimulatethe dominantatmos-
phericphenomenarlhefactthatthe descriptionof somephysicalprocessebasonly a certaindegreeof accurag,
andthefactthatnumericalmodelssimulateonly processewith certainspatialandtemporal,s the secondsource

of forecasterrors.Computerresourcegontribute to limit the compleity andthe resolutionof numericalmodels

and assimilation, since, to be useful, numerical predictions must be produced in a reasonable amount of time.

These tw sources of forecast errors cause weather forecasts to deteriorate with forecast time.

Initial conditionswill alwaysbeknown approximatelysinceeachitem of datais characterizethy anerrorthatde-
pendsontheinstrumentabccurag. In otherwords,smalluncertaintieselatedto the characteristicef theatmos-
pheric observingsystemwill always characterizethe initial conditions.As a consequencegven if the system
equationsverewell known, two initial statesonly slightly differing would departonefrom the othervery rapidly
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astime progresse¢l.orenz 1965). Obsenationalerrors,usuallyin the smallerscales amplify andthroughnon-
linear interactions spread to longer scalgsntually afecting the skill of these latter oneSamerville1979).

Theerrorgrowth of the 10-dayforecastof the ECMWF modelfrom 1 December1980to 31 May 1994wasana-
lyzedin greatdetailby Simmonset al. (1995).It wasconcludedhat 15 yearsof researcthadimproved substan-
tially theaccurag over thefirst half of theforecastrange(sayup to forecastday5), but thattherehadbeenlittle
errorreductionin thelateforecastange While this appliedon averagejt wasalsopointedoutthattherehadbeen
improvementdn theskill of thegoodforecastsIn otherwords,goodforecastdadhigherskill in the ninetiesthan
before.The problemwasthatit wasdifficult to assesa-prioriwhetheraforecastwould beskilful or unskillful us-
ing only a deterministic approach to weather prediction.

Linear rgime Non-linear rgime

N

-

%

N

N

Figure 2. Thedeterministicapproacho numericalweathempredictionprovidesonesingleforecast(blueline) for
the“true” time evolution of thesystem(redline). Theensembl@pproacho numericalweatherpredictiontriesto
estimate the probability density function of forecast states (magenta shapes), tlieaiysemble probability
density function estimate includes the true state of the system as a possible solution.

Generallyspeakinga completedescriptionof the weathempredictionproblemcanbe statedin termsof thetime
evolution of anappropriatgrobabilitydensityfunction(PDF)in theatmospheregshasespacgFig. 2 ). Although
this problemcanbeformulatedexactly throughthe continuityequatiorfor probability(Liouville equationseee.g.
Ehrendorferl994),ensemblegredictionbasedon a finite numberof deterministicintegrationsappeargo be the
only feasiblemethodto predictthe PDF beyondtherangeof linearerrorgrowth. Ensemblepredictionprovideda
way to overcomeoneof the problemshighlightedby Simmonset al. (1995),sinceit canbe usedto estimatethe
forecast skill of a deterministic forecast, or other vords, to forecast the forecast skill.

SinceDecember992,boththe US NationalCenterfor EnvironmentalPredictiongNCER previously NMC) and
ECMWF have integratedtheir deterministichigh-resolutionpredictionwith medium-rangeensembleprediction
(Tracton& Kalnay1993,Palmeret al. 1993).Thesedevelopmentdgollowedthetheoreticabndexperimentalvork
of, among otherd;pstein(1969),Gleeson(1970),Fleming(1971a-b) and.eith (1974).

Both centredollowedthesamestratgyy of providing anensemblef forecastsomputedvith thesamemodel,one
startedwith unperturbedhitial conditionsreferredio asthe“control” forecastandtheotherswith initial conditions
definedaddingsmall perturbationgo the controlinitial condition.Generallyspeakingthetwo ensemblesystems
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differ in theensembilesize,in thefactthatat NCEPacombinationof laggedforecastss usedandin thedefinition
of theperturbednitial. Thereadeiis referredto Toth & Kalnay(1993)for thedescriptiorof the'breedingmethod
appliedatNMC andto Buizza& Palmer(1995)for athoroughdiscussiorof thesingularvectorapproactollowed
at ECMWE

A differentmethodologywasdevelopedfew yearslateratthe AtmosphericErvironmentService(Canada)where
a systemsimulationapproachwasfollowed to generatean ensembleof initial perturbationgHoutekamelet al.
1996).A numberof paralleldataassimilationcyclesis runrandomlyperturbingtheobsenations,andusingdiffer-
entparameterisatioachemegor somephysicalprocessem eachrun. Theensemblef initial stategyeneratedy
the differentdataassimilationcyclesdefinestheinitial conditionsof the Canadiarensemblesystem.Moreover,
forecastsstartedrom suchanensemblef initial conditionsareusedto estimateorecast-errostatistic§ Evensen
1994, Houtekame& Mitchell 1998).

Ensemblegrediction,which canbeconsideredneof themostrecentadvancesn numericalweathermprediction,is
thefirst topic discussedn this work. The developmentof objective procedureso targetadaptie obsenationsis
the second topic on which attention will be focused.

Theideaof tamgetingadaptve obsenationsis basednthefactthatweatherforecastingcanbeimprovedby adding
extra obsenationsonly in sensitve regions. Thesesensitve regionscanbe identified usingtangentforward and

adjointversionsof numericalweathemredictionmodels(Thorpeet al. 1998,Buizza& Montani1999).Oncethe

sensitve regionshave beenlocalised instrumentsanbe sentto thoselocationsto take the requiredobsenrations
usingpilot-lessaircraft,or enegy-intensve satelliteinstrumentanbe switchedon to samplethemwith greater
accurag.

After this Introduction,section2 describesomeearly resultsby Lorenz,andillustratesthe chaoticbehaior of a
simple3-dimensiorsystemIn section3 themainstepsof numericalweathepredictionaredelineatedTheimpact
of initial conditionandmodeluncertaintieon numericalintegrationis discussedn section4. The ECMWF En-
semblePredictionSystemis describedn section5. Targetingadaptve obsenationsusingsingularvectorsis dis-
cussedn section6. Someconclusionsarereportedin section7. Somemathematicatletailsarereportedin two
Appendices.

2. THE LORENZ SYSTEM

Oneof thefathersof chaogheoryis EdwardLorenz(1963,1965).Resultsfrom the 3-dimentionalorenzsystem

(= _—0X +0Y
S = XY +rX-Y )
Z =XY-bZ

illustratethe dispersionof finite time integrationsfrom an ensembleof initial conditions(Fig. 3 ). The different
initial pointscanbe consideredsestimate®f the“true” stateof the system(which canbethoughtof asary point
insideellipsoid),andthetime evolution of eachof themaspossibleforecastsSubjectto theinitial “true” stateof
thesystempointsclosetogethematinitial time divergein time atdifferentrates.Thus,dependingnthepointcho-
sen to describe the system tinvelation, different forecasts are obtained.

Thetwo wingsof the Lorenzattractorcanbe consideredasidentifying two differentweatheregimes for example
onewarmandwetandtheothercold andsunry. Supposehatthe mainpurposeof theforecasis to predictwhether
the systemis going througha regime transition.Whenthe systemis in a predictableinitial state(Fig. 3 (a)), the
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rateof forecastlivergeis small,andall the pointsstayclosetogethettill thefinal time. Whateverthe pointchosen
to representheinitial stateof the systemtheforecasis characterisetdy a smallerror, anda correctindicationof

aregimetransitionis given. Theensembl®f pointscanbe usedto generaterobabilisticforecastof regimetran-

sitions.In this case sinceall pointsendin the otherwing of the attractor thereis a 100% probability of regime
transition.

Figure 3. Lorenz attractor with superimposed finite-time ensembtgatiten.

By contrastwhenthesystenis in alesspredictablestate(Fig. 3 (b)), thepointsstayclosetogetheronly for ashort
time period,andthenstartdiverging. While it is still possibleto predictwith agooddegreeof accurag thefuture

forecaststateof the systemfor a shorttime period, it is difficult to predictwhetherthe systemwill go througha

regime transitionin the long forecastrange.Fig. 3 (c) shovs an evenworsescenariowith pointsdiverging even

afterashorttime period,andendingin very distantpart of the systemattractor In probabilisticterms,onecould

have only predictedhatthereis a50%chanceof thesystemundegoingaregimetransition.Moreover, theensem-
ble of pointsindicatesthatthereis a greateruncertaintyin predictingtheregion of the systemattractorwherethe

system will be at final time in the third caseg 3(c)).

Thecomparisorof thepoints’ divergenceduringthethreecasesndicateshow ensemblgredictionsystemsanbe
usedto “forecasttheforecasskill”. In thecaseof theLorenzsystemasmalldivergenceis associatetb a predict-
ablecaseandconfidenceeanbeattachedo ary of thesingledeterministidorecastgivenby thesinglepoints.By
contrast, a laye dverge indicate lav predictability
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ECMWF ensemble forecast - Air temperature
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Figure 4. ECMWF forecasts for air temperature in London started from (a) 26 June 1995 and (b) 26 June 1994.

Similar sensitvity to theinitial stateis shovn in weatheprediction.Fig. 4 shavstheforecastdor air temperature
in Londongiven by 33 differentforecastsstartedfrom very similar initial conditionsfor two differentdatesthe
26thof Juneof 1995andthe26thof Junel994.Thereis acleardifferentdegreeof divergenceduringthetwo cases.
All forecastsstayclosetogetherup to forecastday 10 for thefirst case(Fig. 4 (a)), while they all divege already
atforecastday3in thesecondcase(Fig. 4 (b)). Thelevel of spreacamongthedifferentforecastcanbeusedasa
measure of the predictability of thedvatmospheric states.

3. NUMERICAL WEATHER PREDICTION

Numericalweatheipredictionis realisedby integratingprimitive-equatiormodels. Theequationsresolvedby re-
placingtime-dervativesby finite differencesandspatiallyeitherby finite differencescheme®r spectramethods.
The stateof the atmospherés describedat a seriesof grid-pointsby a setof statevariablessuchastemperature,
velocity, humidity and pressure.

At thetime of writing (Decembed 999)the ECMWF high-resolutiordeterministianodelhasa spectratriangular
truncationTL319, whichis equvalentto a grid-pointspacingof about60 km at mid-latitudes(Fig. 5) and60 ver-
tical levels (Fig. 6).
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Figure 5. Grid-points\wer Europe of the ECMWF model.
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Figure 6. \értical levels of the ECMWF model.

Meteorological Training CourseLecture Series
0 ECMWF, 2002



Chaos and weather prediction

3

Geo-stationary Polar-orbiting satellites

ERS-2 i y
382,299 5: . satellites )

o

0
. SATOB | 98!
4 TEMP 1,234
Pilot 737

A
e

Profllers

1 [

Buoys - drifting 6,106
moored 469

SYNOP

SHIP 4,706

(o

Figure 7. ¥pe and number of obsemions used to estimate the atmosphere initial conditions in a typical day

Data Coverage (0_suite) - TEMP 1200 UTC 970217 Total number of obs = 558

<= —
L ; ., ? :"}efs'?--u,_?:
= - . ry . BT
60°N ¥ = v A
ooy w A .. . [
-3 O IS ”
.. D Vel
0N '.::’x . 5 . § . 2Py
g < YT e .
~ \\k R I O o :
R N
> ™, e S e
. { N . . l'!; .R ".\
- L oo . . R 9.“ (/’Kl\ ‘* 4
30°s . ;_', yi L%\
. . . . ] )
Observation Type o < -~ .
60°S *542 LAND ;. .~
=13 SHIP — T T
v3 DROPSONDE [ \_//’” 2

I
150°W 120°W 90°W 60°W 30w 0 30°E 60°E 90°E 120°E 150°E

Figure 8. Map of radiosonde locations.

Meteorologicalbbsenationsmadeall over theworld (Fig. 7 ) areusedto computethe bestestimateof the system
initial conditions.Someof theseobsenrations,suchasthe onesfrom weathemballoonsor radiosondesaretakenat
specifictimesatfixedlocations(Fig. 8 ). Otherdata suchastheonesfrom aircrafts shipsor satellitesarenotfixed
in spaceGenerallyspeakingthereis a greatvariability in the densityof the obseration network. Dataover oce-
anic regions, in particulgrare characterised bgry coarse resolution.

Obsenationscannotbe useddirectly to startmodelintegration,but mustbe modifiedin a dynamicallyconsistent
wayto obtainasuitabledataset.This processs usuallyreferredto asdataassimilation At thetime of writing (De-
cemberl999),ECMWEF usesa 4-dimensionatlataassimilationschemeo estimatethe actualstateof the atmos-
phere Courtieret al. 1994).

In the ECMWF model,dynamicalquantitiesas pressureand velocity gradientsare evaluatedin spectralspace,
while computationsnvolving processesuchasradiation,moisturecorversion,turbulence arecalculatedn grid-
point space.This combinationpreseresthe local natureof physical processesandretainsthe superioraccurag
of the spectral method for dynamical computation.

The physical processegssociatedvith radiative transfer turbulent mixing, moist processesare active at scales
smallerthanthe horizontalgrid size. Theapproximatiorof unresohed processe termsof model-resoledvari-
ablesis referredto asparameterisatiofFig. 9 ). The parameterisatioof physicalprocessess probablyoneof the
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most dificult and contreersial area of weather modellingdlton 1992).
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Figure 9. Schematic diagram of thefeliént plysical processes represented in the ECMWF model.

4. SOURCES OF FORECAST ERROR

It hasbeenalreadymentionedhatuncertaintiesn theinitial conditionsandin the modelareboth sourcesf fore-
casterror Someindicationsof therelative importanceof thetwo sourcesanbededucedrom theworksof Down-
ton & Bell (1988) and Richardson(1998), who comparedforecastsgiven by the UKMO (United Kingdom
MeteorologicalOffice) andthe ECMWF forecastingsystemsin thesestudies substantiaforecastifferencede-
tweenthe ECMWF andthe UKMO operationaforecastscould mostly be tracedto differencesetweerthe two
operationabnalysestatherthanbetweerthetwo forecasimodels.Ontheotherhand,recentresultsfrom Harrison
et al. (1999) indicate that the impact of model uncertainties on forecast error cannot be ignored.

Theseresultssuggesthatanensemblesystemshouldcertainlysimulatethe presencef uncertaintiesn theinitial
conditions, since this is the dominarfieet, hut it should also simulate model uncertainties.

Thefirst versionof the ECMWF EnsemblePredictionSystem(hereaftelEPS,Palmeret al. 1993,Molteni et al.
1996)implementedperationallyin December1992includedonly a simulationof initial uncertaintiesA similar
“perfectmodel” stratgy wasfollowed at the US National Centerdfor ErvironmentalPrediction(NCER Tracton
& Kalnay 1993).

Houtekameet al. (1996)firstincludedmodeluncertaintiesn theensemblgredictionsystendevelopedatthe At-

mosphericEnvironmentServicein Canada.Following a systemsimulationapproachio ensemblgrediction they

developeda procedurevhereeachensemblenemberdiffers bothin the initial conditions,andin sub-gridscale
parametersin this approacheachensemblanembeliis integratedusingdifferentparameterizationsf horizontal
diffusion, cowection, radiation, graty wave drag, and with diérent orograpp

Therearecertainlygoodgrounddor believing thatthereis asignificantsourceof randomerrorassociateavith the
parameterizeghhysical processes-or example,considera grid point over the tropical warm pool areaduring a
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periodof organizeddeepconvection.By definition,theactualcontritutionsto thetendencieslueto parameterized
physicalprocesseareoftenassociateavith organizedmesoscaleornvective systemsvhosespatialextentmaybe
comparablevith themodelresolution.In suchacasethenotionof aquasiequilibriumensemblef sub-grid-scale
processegjponwhich all currentparameterizationschemesrebasedgcannotbe a fully- appropriateconceptfor
representingheactualparameterizetieating(Palmerl997). For example evenif theparameterizeteatindfields
agreeon average(i.e. over mary time steps)atthe chosergrid point, theremustinevitably be somestandardievi-
ation in the timestep by timestep diference between obsed and modeled heating.

SinceOctober1998,asimplestochasticschemdor simulatingrandommodelerrorsdueto parameterizeghysical
processebasbeenusedin the ECMWF EPS(Buizzaet al. 1999).The schemas basedn the notionthatthe sort
of randomerrorin parameterizeforcing are coherenbetweerthe differentparameterizatiomodulesandhave
certaincoherencenthespaceandtime scalesassociatedpr example with organizedcorvectionschemesMore-
over, theschemeassumethatthelargerthe parameterizetendenciesthelargertherandomerrorcomponenwill
be.Thenotionof coherencdetweermodulesallows the stochastigerturbatiorto be basedon thetotal tendeng
from all parameterizegrocessesatherthanontheparameterizetendencierom eachof theindividualmodules.
In thisrespecthe ECMWF schemaiffersconceptuallyfrom thatof Houtekameet al. (1996).More detailsabout
the scheme are reported in the fallog section.

5. THE ECMWF ENSEMBLE PREDICTION SYSTEM

Routinerealtime executionof the ECMWF EPSstartedn Decembefl 992with a31-membefM63L19configura-
tion (spectraltriangulartruncationT63 and 19 vertical levels, Palmeret al. 1993,Molteni et al. 1996).A major
upgradeo a51-membefTL159L 31system(spectratriangulartruncationT 159with lineargrid) took placein 1996
(Buizzaet al. 1998).A scheméo simulatemodeluncertaintieslueto randommaodelerrorin the parameterized
physical processesas introduced in 1998.

5.1 Theoriginal EPS configuration

Schematicallyeach ensemble member was defined by the time iggation

t

e;(t) = [ [Ale;t)+Ple,0)] dt @)
t=0

of the model equations

de -
% = A(e;,t) + P(e,, t) @)

starting from perturbed initial conditions
e;(t=0) = ey(t =0)+de;(t=0) 4)
whereA andP identify thecontributionto thefull equatiortendeng of thenon-parameterizeahdparameterized

physical processes, and wherg(t = 0) is the operational analysisit 0.

Theinitial perturbationsde ;(¢ = 0) weregeneratedisingthesingularvectorsof thelinearversionof theECMWF
computedo maximizethetotal enegy normover a 48-hourtime intenal (Buizza& Palmer1995),andscaledto
have an amplitude comparable to analysis error estimates.
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Thesingularvectorsof thetangenforward propagtorsamplehephasespacealirectionsof maximumgrowth dur-
ing a48-hourtimeinterval. Smallerrorsin theinitial conditionsalongtheseadirectionswould amplify mostrapidly,

andaffecttheforecastaccurag. Thereadelis referredto AppendixA for amorecompletemathematicatiefinition
of the singular gctors.

Fig. 10 illustratesthetypical structureof theleadingsingularvectorusedto generatehe ensemblef initial per-
turbationdfor 17 Januaryl 997.Total enegy singularvectorsareusuallylocatedin thelowertropospheratinitial
time, with total enegy peakingat betweenaround700 hPa (i.e. around3000m), in regionsof strongbarotropic
andbaroclinicenegy corversion(Buizza& Palmer1995).Duringtheirgrowth, they shav anupscaleenegy trans-
ferandupwardenepgy propagtion.Resultshave indicateda very goodagreemenbetweertheregionswheresin-
gularvectorsarelocatedandothermeasuresf baroclinicinstability suchasthe Eadyindex introducedoy Hoskins
& Valdes(1990).Thisis shavnin Fig. 11 for thecaseof 17 Januaryl997.Thereadelis referredto Hoskinset al.
(1999) for recent westications on singularector grevth mechanisms.

SV_1(T)/Z 500hPa 1997-01-18 12h SV_1(T)/Z 500hPa 1997-01-20 12h
— T
B

Figure 10.Mostunstablesingularvectorgrowing betweerll7 and19 Januaryl997atinitial (left panels)andfinal
(right panels) times. The top panelswttbe singular &ctor temperature component (shaded blue/green for
negative andshaded/ellow/redfor positive values)andtheatmospheristate(geopotentiaheight)at500hPali.e.
approximately at 5000 m). Bottom panels are as top pantferb700 hR (i.e. approximately at 3000 m).
Contourinterval is 8 damfor geopotentiaheight,and0.2 degreesfor temperaturatinitial time and1.0degreeat
final time.
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EPS 500hPa Z 1997-01-18 12h fc t+24

Figure 11.Eadyindex (top panel)andlocationof theleadingsingularvectorsidentifiedby theroot-mean-square
amplitude of the EPS perturbations at forecast day 1 (bottom panel) for the case of 17 January 1997. Contour
interval is 1 day-1 for the Eady indeand 1 m for the EPS perturbation amplitude.

Until 26 March 1998,the EPSinitial perturbationsverecomputedo sampleinstabilitiesgrowing in the forecast
range,andno accountwastaken of perturbationghathadgrown duringthe dataassimilationcycle leadingup to
the generation of the initial conditiongldlteni et al. 1996).

A way to overcome this problem is to use singulectors graving in the past, andvelved to the current time.

The 50 perturbednitial conditionswere generatedy addingand subtracting?5 perturbationglefinedusing 25
singularvectorsselectedrom computedsingularvectorssothatthey donotoverlapin spaceTheselectiorcriteria
werethattheleading4 singularvectorsarealwaysselectedandthatsubsequergingularvectorsareselectednly
if less than 50% of their total emmgrcover a geographical ggon where already 4 singulagctors are located.

Oncethe 25 singularvectorswereselectedanorthogonakotationin phase-spacandafinal re-scalingwereper-
formedto constructthe ensemblegerturbationsThe purposeof the phase-spaceotationis to generatgerturba-
tionswith thesameglobally average:negy asthesingularvectors but smallerocal maximaandamoreuniform
spatialdistribution. Moreover, unlike thesingularvectors therotatedsingularvectorsarecharacterizedy similar
amplificationrates(at leastup to 48 hours).Thus, the rotatedsingularvectorsdiverge, on average equallyfrom
thecontrolforecastTherotationis definedto minimizethelocalratio betweerthe perturbatioramplitudeandthe
amplitudeof theanalysiserrorestimategivenby the ECMWF dataassimilatiorprocedureThere-scalingallowed
perturbations to he local maxima up toc = ./0.6 larger than the local maxima of the analysis error estimate.

A wayto takeinto accounperturbationgrowing duringthedataassimilatiorperiodwasto generatéhe EPSinitial
perturbationusingtwo setsof singularvectors.In mathematicaterms,since26 March 1998 (Barkmeijeret al.
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1999ajtheday d initial perturbationhave beengeneratedisingboththesingularvectorsgrowing in theforecast
rangebetweernday d andday d + 2 atinitial time, andthe singularvectorsthathadgrown in the pastbetween
dayd —2 and dayd at final time

25
Be;(t=0) = ¥ [a; Vi Xt =0)+p; vf *(t =48 1] (5)
i=1
Wherev?’ ar 2(t = 0) is thei-th singularvectorgrowing betweendayd andd+2 attime t=0. The coeficientsai,j

andbi,j settheinitial amplitudeof the ensemblgerturbationsandaredefinedby comparingthe singularvectors
with estimatef analysiserrors(Molteni et al. 1996).Since26 March 1998, the selectioncriteriahasbeenkept
as before, bt a nev scaling &ictor a = ./0.5 has been used.

Theinitial perturbationgrespecifiedn termsof thespectratoeficientsof the3-dimensionalorticity, divergence
andtemperaturdields(no perturbationsredefinedfor thespecifichumidity sincethesingularvectorcomputation
is performedwith a dry linearforward/adjointmodel),andof the 2-dimensionaburfacepressurdield. They are
addedandsubtractedo the controlinitial conditionsto defineperturbednitial conditions.Then,50 + 1 (control)
10-day T159L31 non-linear ingrations are performed.

With the current ECMWF computerfacilities, eachday the whole EPS (10-day integration, 51 membersat
T, 159L40with T42L40singularvectorscomputedor theNorthernandthe SoutherrHemispheresiakesapprox-
imately150hoursof total computingtime (about10%of thistime is usedto computetheinitial perturbations)By
contrastthe high resolutionT, 319L60deterministicforecast(10-dayintegration) takesabout40 hours,andthe
dataassimilationprocedureusedto generateéhe unperturbednitial conditionstakesabout120hours(4 cyclesper
day, once gery 6 hours).

5.2 The new EPS configuration

In October1998,a schemeo simulaterandommodelerrorsdueto parameterizeghysical processeavasintro-
duced(Buizzaet al. 1999).This schemecanbe consideredasa simplefirst attemptto simulatedrandommodel
errorsdueto parametrizeghysical processeslt is basedon the notion that randomerrorsdueto parametrized
physicalprocessearecoherenbetweerthedifferentparametrizatiomodulesandhave acertaincoherencenthe
spaceandtime scalegepresentetty the model. The schemeassumeshatthe largerthe parametrizedendencies,
the lager the random error component.

In the nev EPS, each ensemble membegrcan be seen as the time gri&tion

t

e,(t) = [ [Ale;t)+P;(e,0)] dt (6)
t=0

of the perturbed model equations

de .

a_tj = A(ejyt)+PJ,(ej!t) (7)
startingfrom the perturbednitial conditionsdefinedin Eq. (1), whereA and P’ identify the contrikution to the
full equationtendeng of the non-parameterizednd parameterizechysical processesFor eachgrid point
x = (A, @, 0) (identifiedby its latitude,longitudeandvertical hybrid coordinate) the perturbedparameterized
tendeng (of each stateactor component) is defined as
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Pj(e;t) = [1+ (A ¢ 0) ] P(e; 2) (8)

whereP is theunperturbediiabatictendeny, and [1..[}, , indicatesthatthe samerandomnumberr ; hasbeen
used for all grid points inside & x D degree box andwer T' time steps.

Thenotionof spacetime coherenc@ssumeshatorganizedsystemsave someintrinsic spaceandtime-scaleghat
may spanmorethanonemodeltime stepandmorethanonemodelgrid point. Making the stochastiancertainty
proportionato thetendeng is basedntheconcepthatorganization(away from thenotionof aquasiequilibrium
ensemblef subgrid processesis likely to be strongerthe strongeris the parameterizedontritution. A certain
space-timeorrelationis introducedn orderto have tendenyg perturbationsvith the samespatialandtime scales
as obsergd oganization.

No spatial scale

BLUE crosses: minimum DTp values
GREEN diamonds: DTp values around 1.00
RED full squares: maximum DTp values

Figure 12. Random numbers used to perturb the tendencies due to parametgsisatiggbcesses. The top
panel shws the case of no spatial scale, in otherds when dferent random numbers are used at each grid-
point. The bottompanelshawvs the casewhenthe samerandomnumberwasusedfor grid-pointsinside5-degree
boxes. Blue crosses identify grid-points with random numb8rS< n <-0.3, green diamonds points with
-0.1<n<0.1, and red squares points with3<n < 0.5.

Fig. 12 shavsamapof therandomnumberaisedin a configurationtestedvhendevelopingtheso-calledstochas-
tic physicsschemeFig. 12 (a) shavs the matrix of randomnumbersr; wheneachgrid-pointwasassignednin-
dependentalue, while Fig. 12 (b) shawvs the matrix whenthe samerandomnumberwasusedinside 5 degree
boxes.Resultsndicatedthateven perturbationsvithout ary spatialstructure(i.e. with randomnumbersasin Fig.
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12 (a)) had a major impact on 10-day model gnétions Buizzaet al. 1999).

After an extensie experimentationjt wasdecidedto implementin the operationalEPSthe stochastigphysics
schemeavith randomnumbersampleduniformly in theinterval [-0.5, 0.5] , a10degreeshoxsize(D = 10), and
a 6 hours time inteal (T' = 6).

6. TARGETED OBSERVATIONS

Considerameteorologicasystemevolving betweertime ¢, andz, localisedatfinal time ¢ insideageographical
areaX, (hereafteverificationarea).SupposehatextraobsenrationscouldbetakeninsideageographicafreaZ,
at initial timet¢,, (hereafter tayet area), with the purpose of imping the timez forecast insidex .

Singularvectorswith maximumeneqgy atfinal timeinsideaverificationareacanbeusedto identify thetargetarea
whereextraobsenationshouldbetaken,atinitial time, to reduceheforecaserrorinsidetheverificationareaitself
(Buizza& Montani1999).Thereaderis referredto AppendicesA andB for a morecompletedescriptionof the
mathematical formulation.

Otherstratgiescanbeusedto targetadaptve obserations.Langland& Rohaly(1996),following thework of Ra-
bieret al. (1996)on sensitvity vectors proposedo usethelowertropospheriaorticity of theforecasstateascost
function,andto targettheregionwherethe sensitvity field is maximum.A similartechniqueput basecdntheuse
of aquasi-irverselinearmodel,wasproposedy Puet al. (1997,1998).Bishop& Toth (1998)introducedthe En-
sembleTransformtechniquejn which linearcombination®f ensemblgerturbationareusedto estimatehe pre-
dictionerrorvarianceassociateavith differentpossibledeploymentsof obserationalresourcedrinally, following
Hoskinset al. (1985)andAppenzelleret al. (1996),a moresubjectve stratgy basedon the useof potentialvorti-
city to analyse atmospherica also deeloped.

All thesetechniquesvereappliedto targetobsenationsfor thefirst time during FASTEX, the FrontsandAtlantic
Storm Track ExperimentJoly et al. 1996,Thorpe& Shapiro 1995Snyder1996).

Thefocusof the FASTEX campaignwasthe extra-tropicalcylonic stormsthatform over thewesterrandmid At-
lantic Ocean,andtake about2 daysto develop and move towardsEurope.Forecasfailuresare often associated
with these ery actve atmospheric phenomena.

Fig. 13 shavsthetracksof oneof the stormsobsenedduringFASTEX, IOP 17 (IOP standdor Intensve Obser-
vationPeriod),andthelocationof variousaircraftsthatmadeadditionalobsenationsbetweerl7 and19 February
1997(Montaniet al. 1999).Singularvectors,computedo have maximumtotal enepgy insidea verificationregion

centredon the British Isles,wereusedto identify the mostsensitie regionswhereobsenationsweremade.The

comparisorof the centralpressureof two forecastspne startedfrom initial conditionscomputedwith andone
without the extra obsenations,with the obsered value(Fig. 14 ) indicatesthatadditional targetedobsenations
canimprove theforecastaccurag. Fig. 15 shawvs the averageimpactof the targetedobsenationson the forecast
error Results indicated up to 20% forecast error reduction.
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Figure 13. Map summarisinghe extra obsenationstakenduringthe FASTEX experimentfor IOP 17. Theblack
track identifies the location of thgaone minimum pressure, the coloured tracks the aircraft missions, and the
red symbols additional radio-soundings (frdfontaniet al. 1999).
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Initial time: 18Z, 17 February 1997

1020
q o—o analysis
1010 | X w =% control forecast
N A perturbed forecast
1000 |
F 9% r
=3
[=N
2 om0 |
970 -
960 -
950 1 . 1 . . .
0 6 12 18 24 30 36 42

forecast time (hrs)

Figure 14. 6-hourly time series of thgcone central pressure forecast without (blue dash line) and with (red
dotted line) &tra obserations, and obseed (black solid line), for IOP 17 (froMontaniet al. 1999).
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Figure 15. Scatter plot of the mean forecast errors with (x-axis) and without (y-axiglr¢heleserations, for
the500and1000hPa geopotentiaheightfields over EuropeandNorth Atlantic atforecasiday 2, 2.5and3 (from
Montaniet al. 1999).

Following the FASTEX campaignptherexperimentswere performed(e.g. NORPEX,the North Pacific Experi-
ment,CALJET, the CaliforniaLand-falling Jetsexperiments)All resultsconfirmedthattakingextra obserations
in sensitve ragions could reduce forecast errors.

Roboticaerosondesapableof long-rangamonitoringcouldbeusedoperationallyin avery nearfuturetofill chron-
ic gapsin the globalupperair soundingnetwork (Holland et al. 1992),andtake extra obsenationsin objectvely
identifiedregions.This follows yearsof intensive researchat the Bureauof Meteorologyof Melbourne Australia,
that culminatedwith the first-ever unmannedaircraft crossingof the Atlantic Oceanin August 1998 (http://
www.aerosonde.com/opshist.htm).

7. SUMMARY AND FUTURE DEVELOPMENTS

Two of the mostimportantadvancesn numericalweatherpredictionof thelast 10 years,the operationaimple-
mentationof ensemblgredictionsystemsandthe developmenf objective techniqueso targetadaptve obsena-
tions, hae been discussed.

Ensemblesystemgrovide a possibleway to estimatethe probability distribution function of forecasistatesThey
have beendevelopedfollowing the notionthatuncertaintiesn theinitial conditionsandin the modelformulation
arethemainsourceof forecasterrors.Resultshave demonstratethata probabilisticapproactto weathermpredic-
tion can pregide more information than a deterministic approach based on a single, deterministic forecast.

Ensembleredictionsystemsareparticularlyuseful,if notnecessaryo provide earlywarningsof extremeweather
events.For example,ensemblasystemsanbeusedto predictprobabilitiesof intenseprecipitationevents(Fig. 16

). Globalensemblesystemscanbe usedto provide boundaryandinitial conditionsfor higherresolution limited

area ensemble prediction systemwiteni et al. 1999,Marsigli et al. 1999).
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Figure 16. High-resolution TL319L31 forecasts for the flood in Piemonte, St@yNosember 1994. (a)
Precipitation forecast, accumulated between t+96 h and t+120 h, predicted by the control forecast. @ Observ
precipitation field. (c) Ensemble probability forecast of more than 20 mm/d of precipitation. (d) Ensemble
probability forecast of more than 40 mm/d of precipitation. Contour isolines 2, 20, 40 and 100 mm/d for

precipitation, andery 20% for probabilities.

At ECMWE, work is in progressn mary differentareago furtherimprove thecurrentensemblg@redictionsystem.

Linearizedversionsof themostimportantphysicalprocessehave beendeveloped(Mahfouf1999),andinvestica-
tion into thebehaiour of thelinearmodelsin thecomputatiorof tropicalsingularvectorshasstarted. Thetropical
targetareahasbeenchoserbecause¢he currentEPSlacksperturbation®f theinitial conditionin this areawhere
moistprocesseareof key importanceResultgBarkmeijeret al. 1999b Puriet al. 1999)indicatethattheinclusion
of tropicalsingularvectorsis essentialn case®f hurricaneprediction.Resultsndicatethattropical singularvec-
tors are needed to generate a realistic spread among the ensemble of hurricane tracks.

The operationalnitial perturbation®of the ECMWF EPSare constructedisingsingularvectorswith maximum
totalenegy growth. Totalenegy singularvectorshave noknowledgeof analysiserrorstatistics.Generallyspeak-
ing, it would bedesirableo useinformationaboutanalysiserrorcharacteristicé thesingularvectorcomputation.
Oneway of improving uponthisis to usein the singularvectorcomputatiorstatisticsgeneratedyy thedataassim-
ilation systemWork is in progresgo usethe Hessiarof the costfunctionof the 3-dimensiona(or 4-dimensional)
variationalassimilationsystem(3D/4D-Var) to definesingularvectors(Barkmeijeret al. 1998). Theseso-called
Hessiarsingularvectorsareconstrainedtinitial time by analysiserrorstatisticsbut still producefastperturbation
growth during the first f& days of the forecast.

Work is in progresgo investigatewhethera so-calledconsensuanalysis definedasthe averageof analysegpro-
ducedby differentweathercentresjs a betterestimateof the atmospheridnitial statethanthe ECMWF analysis
(Richardson1999,personatommunication)TheoperationaEPSconfiguratiorhasbeenrun from theconsensus
analysis,averageof the ECMWF UKMO (UK MeteorologicalOffice), Météo-FranceNCEP (National Centers
for EnvironmentalPrediction,WashingtonlandDWD (DeutscheWetterDienstOffenbach)analyses.The same
perturbationgsusedin the operationaEPShave beenaddedo the consensuanalysisto createthe 50 perturbed
initial conditions.Preliminaryresultsshav thatthe skill of the controlforecastis improvedif the consensuanal-
ysisis usedinsteadof the ECMWF analysisasthe unperturbedhnitial condition.Resultsalsoindicatethatthe dif-
ferencebetweenthe spreadin the two systemss rathersmall, while the ensemble-meaforecastof the system
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started from the consensus analysis is more skilful.

Experimentatiomasstartedo verify whetheraresolutionincreasdrom T1159to TI1255,andfrom 31to 60vertical
levelswould improve the EPSperformance Preliminarystudiesof theimpactof anincreasean horizontalresolu-
tion indicate that precipitation prediction impes substantially as resolution increases.

Finally, anensembleapproactio dataassimilations undertest.Following Houtekameet al. (1996),but with the
ECMWFapproacho represenimodeluncertaintieswork hasstartecat ECMWFto generat@anensemblef initial
perturbationsisingthe ECMWF 3D/4D-Var dataassimilation.The purposeof this work is to investigatewhether
a better estimate of the “true” state of the atmosphere can be computed using this probabilistic approach.

8. CONCLUSION
The weather is a chaotic system, and numerical weather predictioarig @ifficult task.

Thiswork hasdemonstratethattheapplicationof linearalgebrdi.e. theuseof singularvectorscomputedy solv-
ing aneigervalueproblemdefinedby the tangentforward andadjoint versionsof the model)to meteorologycan
help in designing e ways to numerical weather predictidufzza1997).

The sametechniquecanbe appliedto ary dynamicalsystem,n particularto very complex systemswith alarge
dimension.Thebasicideais thatthereareonly few, importantdirectionsof the phase-spacef ary systemalong
which the mostimportantprocessesccur A successfupredictionof the systemtime evolution shouldsample
these directions, and describe the systeofugion along them.

9. ACKNOWLEDGEMENTS

The ECMWF EnsemblePredictionSystemis theresultof thework of marny ECMWF staf membersandconsult-
ants.t is basednthelntegratedrorecastingsystem/Arpgesoftware,developedn collaboratiorby ECMWF and
Meteo-FranceThework of mary ECMWF andMeteo-Francestaf andconsultantss acknavledged! amgrateful
to Robert Hine for all his editorial help.

APPENDIX A SINGULAR VECTOR DEFINITION

Farrell (1982),studyingthe growth of perturbationsn baroclinicflows, shaved that, althoughthe long time as-

ymptoticbehaior is dominatedy discreteexponentiallygrowing normalmodeswhenthey exist, physically real-

istic perturbationgould presentfor somefinite time intervals,amplificationratesgreaterthanthe mostunstable
normal mode amplificationrate. SubsequentlyFarrell (1988, 1989) shaved that perturbationswith the fastest
growth over afinite time intenal could beidentifiedsolving the eigervalue problemof the productof thetangent
forward andadjointmodelpropagtors.His resultssupporteckarlierconclusiondy Lorenz(1965)that perturba-
tion grawth in realistic models is related to the eiga@nes of the operator product.

Kontarev(1980)and Hall and Cacuci(1983)first usedthe adjoint of a dynamicalmodelfor sensitvity studies.
Lateron,Le Dimet& Talagrand1986)proposeanalgorithm,basednanappropriateiseof anadjointdynamical
equationfor solvingconstraintminimizationproblemsin the contet of analysisandassimilationof meteorolog-
ical obsenations.More recently Lacarra& Talagrand1988)appliedthe adjointtechniqueto determineoptimal
perturbationgusinga simplenumericalmodel. Following Urban(1985)they useda Lanczosalgorithm(Strang
1986)in orderto solwe the relatedeigervalue problem.For a bibliograpty in chronologicalorder of published
works in meteorology dealing with adjoints up to the end of 1992, the reader is refeCmdtieret al. (1993).
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After FarrellandLorenz,calculationsof perturbationgrowing over finite-time intervals were performedfor ex-
ample by Borges& Hartmann1992)usingabarotropiamodel,andby Molteni & Palmer(1993)usingabarotrop-
ic anda 3-level quasi-geostrophimodelat spectraltriangulartruncationT21. Buizza(1992)andBuizzaet al.
(1993) first identified singularectors in a primitie equation model with a lg& number of dgrees of freedom.

Let x be the stateactor of a generic autonomous system, whestigon equations can be formally written as

ox -
X = am ©

Denoteby x(¢) anintegrationof Eq. (9) from ¢, to ¢, which generates trajectoryfrom aninitial point x, to
X1 = X(#) . Thetimeevolutionof asmallperturbatiorx aroundhetime evolving trajectoryx (¢) canbedescibed,
in a first approximation, by the linearized model equations

Ox

= = A 1

ot X ( 0)
where A; = (% is the tangent operator computed at the trajectory pdint.

X(t)
Let L(t, ¢,) betheintegralforwardpropagitorof thedynamicalequationslinearizedaboutanon-linearrajectory
Xx(%)

x(2) = L(t, to)x(to) (11)

thatmapsaperturbationx atinitial time ¢, to theoptimizationtime ¢ . ThetangenforwardoperatorL mapsthe
tangent spacél,, the linear ector space of perturbationsygf, to 1, , the linear ector space at; .

Considertwo perturbations: andy , e.g.at X, , apositive definiteHermitianmatrix E', anddefinetheinnerprod-

(x;y)g = EyC 12)
on the tangent spade&, in this case, wherél..;...C identifies the canonical Euclidean scalar product,
N
Le;yU= Z XY (13)
i=1
Let ||...||,2E be the norm associated with the inner product...) 5

||x||,23 = (x;x)p = LexEC (14)

Let L'® be the adjoint ol with respect to the inner product.;...)s ,

(L"Px:9)E = (x:Ly)g (15)

Theadjointof L with respecto theinnerproductdefinedby E canbewrittenin termsof theadjointL* defined
with respect to the canonical Euclidean scalar product,
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L*=E'L'E (16)

FromEgs. (11)and(16) it follows that the squared norm of a perturbatioat time¢ is given by

ez = (x(te);L "Lx(to))5 (17)

Equation (17) shaws thatthe problemof finding the phasespacedirectionsx for which IIx(t)II,zg/||x(to)||§7 is
maximum can be reduced to the search of the eégeorsv,(z,)

L'"Lv(ty) = 0?v,(to) (18)

with the lagest eigemluesoi2 .

Thesquareootsof theeigervalues,o, , arecalledthesingularvaluesandthe eigervectorsv,(¢,) the (right) sin-
gularvectorsof L with respecto theinnerproductE (seeg.g.,Noble& Daniel,1977).Thesingularvectorswith
largestsingularvaluesidentify the directionscharacterizethy maximumgrowth. Thetimeintenval ¢ —¢, is called
optimization time interal.

Unlike L itself, the operatorL*EL is normal. Hence,its eigervectorsv,(¢,) canbechoserto form acomplete
orthonormalbasisin the Nth-dimensionatangentspaceof the perturbationsat X,. Moreover, the eigervalues
are real,oi2 20.

At optimization timet , the singular gctors golve to
v, (2) = L(¢,t5)v,(to) (19)

which in turn satisfy the eigeactor equation

LL"v,(t) = 0%v,(t,) (20)

FromEgs. (17)and(20) it follows that

i)z = of 1)

Sinceary perturbationx(¢) /||x(¢,)|; canbewrittenasalinearcombinatiorof thesingularvectorsv, , it follows
that

ol @l _

M el Qe ()] ;0 - 2 (22)

Thus, maximum gnoth as measured by the noim. |, is associated with the dominant singulectorv, .

Giventhetangentforward propagtor L , it is evidentfrom Eq. (18) thatsingularvectors'characteristicslepend
strongly on the inner product definition and to the specification of the optimization timalinterv

The problemcanbe generalizedy selectinga differentinner productat initial and optimizationtime. Consider
two inner productsdefinedby the (positive definite Hermitian)matricesE, and E , andre-statethe problemas
finding the phase space directiongor which
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()l g _ (Lx(ty);ELx(¢,)C
I (o) & L (20);E gx (o)1

is maximum. Applying the transformation = Eé/z

(23)

, the right hand side Bfy. (18)can be transformed into

[LEy *y(to):ELEy *y(t)U _ ¥(to):Eq "L ELE; “y(to)C
() (2)0 () (E)0

(24)
Since

Eal/ZL*ELEal/Z — (E_l/ZLEBl/Z)* (E_l/zLEal/Z) (25)

the phasespacedirections which maximize the ratio in Eq. (24) are the singular vectors of the operator
E™Y?LE"? with respecto the canonicalEuclideaninner product.With this definition, the dependencef the

singular ectors' characteristics on the inner products is megleci.

At ECMWE, dueto theverylargedimensiorof thesystemtheeigervalueproblemthatdefineghesingularvectors
is sohed by applying a Lanczos codelgb & Van Loan 1983).

APPENDIX B PROJECTION OPERATORS

The setof differentialequationghatdefinesthe systemevolution canbe solved numericallywith differentmeth-
ods.For example,they canbe solvedwith spectraimethodspy expandinga statevectoronto a suitablebasisof

functions,or with finite-differencemethodsn which thederivativesin the differentialequationof motionsarere-

placedby finite differenceapproximationstadiscretesetof grid pointsin spaceThe ECMWF primitive equation
model soles the systemvelution equations partly in spectral space, and partly in grid point space.

Denoteby x, thegrid point representationf the statevectorx , by S the spectral-to-gricpoint transformation
operatoyx, = Sx, andby Gx, themultiplicationof thevectorx, , definedin grid-pointspacepy thefunction
8(s):

s) =1sJZ
9(s) (26)
g(s) =00s0X
wheres defines the coordinate of a grid point, @&ds a geographical gion.
Define the functionv(n) in spectral space as
w(n) =10n0Q
(27)
w(n) =00n10Q
wheren identifies a \ave number and? is a sub-space of the spectral space.
Consider a gctorx . The application of the local projection operalddefined as
T = S7GS (28)
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tothevectorx setsthevectorx to zerofor all grid pointsoutsidethegeographicategion X . Similarly, theappli-
cationof thespectraprojectionoperatorW tothevectorx setsto zeroits spectrakomponentsvith wave number
outsideQ .

The projectionoperatorsT” and W canbe usedeitherat initial or atfinal time, or at bothtimes.As anexample,
theseoperatoranbe usedto formulatethe following problem:find the perturbationawith (i) the fastesgrowth
duringthetime interval ¢ —¢,, (ii) unitary E,-normandwave componentdelongingto Q, atinitial time, (iii)
maximumE -norminsidethegeographicategion ~ andwave componentbelongingto Q, atoptimizationtime.
This problem can be sa@d by the computation of the singulalwes of the operator

K = E™°TS,LS,E;"* (29)
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