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1. INTRODUCTION
The TOVS (TIROS-N Operational Vertical Sounder) instrument on the NOAA series of polar orbiting

satellites measures radiances which are sensitive to the temperature and humidity of the atmosphere

(Smith et al., 1979). These data have traditionally been used in numerical weather predlctron (NWP)
in the form of temperature and humtdlty proﬁles, obtalned through an inversion process known as
"retrieval”. The retrreved proﬁles are then used together with all other observations to form an

analysis which afier initialisation is used as the starting point for a forecast,

In this paper, we have used TOVS radiances directly, as described by Andersson ef al. (1994), in a
three-dimensional variational analysis scheme (3D-Var) (Courtier ez aZ., 1993). In 3D-Var, horizontal
as well as vertical consistency in the use of the radiatnces is ensured. The TOVS data are used
together with all other data. Mass, wind and humidity are analysed simultaneously under certain
balance constraints which control the level of gravity waves in the analysrs The scheme thus

combines retneval analysrs and initialisation in one step.

The advantage of variational schemes, in the context of TOVS retrieval/analysis, is in the use of more
accurate background information (a six-hour forecast) and an appropriate forecast error covariance as
a constraint. For a one-dimensional scheme, like the operational 1D-Var scheme (Eyre et al., 1993),
this introduces a correlation between the observation error and the background’ error, which may cause
problems when the same six-hour forecast is used again as the background for the subsequent analysis
(as discussed by Eyre et al.). The problem disappears in a three or four-dimensional variational
scheme where retrieval and analysis are combmed and hence the background is used only once.

Radiances are then used drrectly together wrth all other observations and the background field.

In this paper we show that 3D-Var with radiances works well in data assimilation experiments, The

quality of the forecasts clearly improves on average over a 14-day period, compared to the operational
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OI scheme. The results are strongly dependent on the specification of vertical correlations of the
forecast error for temperature. In agreement with Phillips (1986), we found that a non-separable
formulation of forecast error is necessary in order to have the correct structures for wind as well as

temperature.

The variational method is described briefly in section 2. In section 3 we show results from the
validation of the system when applied to a simplified retrieval/analysis problem with an analytical
solution. Section 4 describes the non-separable formulation of forecast error correlations. We present
results from two weeks of data assimilation with 3D-Var (section 5) and compare with an OI analysis
which had used profiles retrieved by the operational one-dimensional variational method. We conclude

that the non-separable formulation of 3D-Var generally performs well.

2. METHOD

2.1 Variational formulation

We follow the gerieral variational approach to the assimilation of data into an NWP system (Lorenc,

1986; Talagrand, 1988) by minimizing the cost-function J(x) with respect to the atmospheric state x,
where J(x) measures the degree of mis-fit to the observations, to the background information and to

the slow manifold. If the errors involved have Gaussian distributions, then the optimal penalty
function is a sum of quadratic terms:
Jx)y =J, +Jy (+J)
J, =y - H®1T O™ [y - Hw)] )
Jy=@ -x)T B! (x - xp

where X, is the background with estimated error covariance B, y represents the observations with

estimated error covariance O, and H is the observation operator (or "forward" operator) which
computes model equivalents of the observed quantities at the observation points. The matrixO
should in addition to the observation error also include the representativeness error, i.e. the error in

the forward operator. J, is an optional term in the cost function measuring the distance to the slow

manifold, i.e. the amount of gravity waves in the analysis.

Eq.1 applies to a wide range of problems. It has the same form in one as well as three and four-
dimensional applications. In the case of TOVS radiances, H specifically represents the radiative
transfer model which calculates radiances from the state vector of the forecast model. In 4D-Var, H

includes a model integration from the time of the background to the time of the observation (see

Thépaut et al., 1993). 3D-Var is thus, in theory as well as in practice, equivalent to a 4D-Var without
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model integration.

The solution in the linear case, is given by:
X, - Xy = BH'T (H'BH'T + 0)™ [y - H@xp] )

where X, - X, represents the analysis increment (analysis minus background). H' contains the partial

derivatives of H(x). In the nonlinear case, the solution can be found through e.g. NeWtonian iteration

(Rodgers, 1976; Eyre, 1989) or through the adjoint technique as described by Le Dimet and Talagrand
(1986) and applied to the retrieval problem by Thépaut and Moll (1990). Details particular to the
IFS/Arpege implementation of the adjoint technique have been documented in Pailleux et al. (1991)
and Courtier et al. (1993).

At the minimum, the second derivative of the cost function, J“(x), represents the inverse of the
analysis error covariance, A. Omitting terms involving the gradient of H'(x) we have:

J'o =A'=B"'+ HTO'H' : 3)

2.2 Simultaneous analysis of TOVS and other observations

Use H and O for the TOVS observation operator and the observation error covariance, respectively.
Similarly, use G and @ for any other observations. G could represent the vertical integration of the

hydrostatic equation to form model equivalents of geopotential height measurements, for example.

The expression for the analysis error (A) is (from Eq.3):

A1l =B+« HTO'H' + G'TQ"'G" - @)
The equivalent analysis can be achieved in two steps. First a "retrieval" step: ;
A'=B'+ HTO'H' | | (5)

Followed by an "analysis" step:
Az—l - Al—l + GnTQ—lGr g , ) (6)

We note that A, = A, provided the appropriate retrieval error covariance matrix (A,) is used in the

analysis step. Ignoring the horizontal aspects, this would involve passing with every TOVS point its
vertical retrieval error covariance matrix. Although this is possible in theory, practical considerations
(huge data volumes) lead to simplifications of the error statistics passed from the retrieval to the
analysis step. In the ECMWF implementation of 1D-Var followed by OI, for example, a set of three

pre-computed vertical covariance matrices is used, one for each retrieval type: clear, partly cloudy and

169



cloudy. In 3D-Var, on the other hand, @ is specified in terms of radiances and the appropriate
observation error covariance in terms of the control variable, H'TO-'H", appears implicitly, complete

with the correct spatial variation.

The "retrieval” in any one point in a three-dimensional "retrieval/analysis" depends on the radiances
in the neighbouring points. It can e.g. draw closely to a batch of radiances which support each other.
In the hypothetit:al case of several coincident and identical radiance datak,' 3D-Var will produce as
solution the température profile which best fits the ‘radianycés.’ A separate retrieval, however, wiﬂ
separately for each observation give a temperature profile which is a compromise between the
observed radiances and the background, independently of the other coincident data. An analysis

following the retrieval, cannot draw closer to the data than the retrieval did.

The arguments so far have assumed that the observation operators are linear. In the nonlinear case,
there are additional effects of H' and G* changing with x, during the iterative minimisation process.
Analysis changes in humidity, for example, introduced by conventional observations or by TOVS data

themselves would lead to a modified H, which would affect the TOVS retrievals in the vicinity.

In principle, not only does the retrieval/analysis become more accurate during the minimisation, but
also its error estimate becomes more accurate. This will produce a more nearly optimal combination
of the information from TOVS, from other data types and from the background, than is possible in

the traditional approach with separate retrieval and analysis steps.

The sequence of operators needed to go from spectral fields of temperature, specific humidity and
surface pressure to equivalents of the TOVS observed radi‘ances, and the subsequent calculation of the
TOVS observation cost function, have been described by Andersson et al. (1994) and in the
proceedings of the ECMWF 1992 workshop on variational assimilation. '

3. AN EXAMPLE WITH A SIMPLE ANALYTICAL SOLUTION

Consider the univariate temperature analysis of one radiance datum at one location. Assume that

temperature forecast errors are constant in the vertical. With the linear approximation the temperature

analysis increment (T,-Tp, is given by (from Eq.2):
T, - Ty = BHT (HBHT + 05)™ [y - H®] o

where, with the above simplifications:
H is 9H/dT;, and T; is temperature at model level i
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B is the temperature vertical covariance matrix of background error

2 . s . : .
G, is the observation error variance of the channel in question

H'BH'T is the radiance equivalent of the forecast error variance, for that channel

For the vertical dxstnbutlon of the analysis increment (ignoring the amphtude), Eq.7 simplifies to:
T,-T, « BH'T | | (8)
The matrix H' represents the sensitivity of a givén TOVS channel to the temperature at discrete modél
levels. The matrix B describes how the observation increment is spread in the vertical. In the first
validation experiment we simplify further and assume a diagonal B. This de-couples the analysis in

- the vertical, and we obtain a two-dimensional analysis. Hence, the analysis increment at each level

should be proportional to H'.

3.1 Validation exercise

Carrying out a full T63 3D-Var énalysis, with the above simplifications, using the channel MSU-2
- only, gives the vertical profile of analysis increment given in Fig. 1b. Comparing with H* for MSU-2

as shown in Fig. 1a we sce that the analysis indeed gives the expected solution.

With a non-diagonal vertical correlation matrix, the theoretical analysis increment at a given level
dependson H' at all other levels, according to Eq.8. The theoretical analysis increment with the full B
matrix is shown in Fig. 2a (thick line -- the thin line represents 1D-Var and will be discussed in the
next sectior}) to be compared with the actual analysis increment in Fig. 2b. The two are virtually

- identical, which fully validates the vertical aspects of 3D-Var.

3.2 Vertical correlation of forecast error

An important factor for the analysis of TOVS data is the specification of the vertical correlations for
temperature. Since the vertical resolution of the satellite information is less than the resolution of the
forecést model, the finer details in the vertical of the analysis increments are imposed by the specified
prediction error covariances (Lonnberg, 1989). Ldnnberg found that very noisy analysis increments
could result from an improper specification of observation and forecast error statistics. Large
oscillations in the temperature increments on model levels occurred in the ECMWEF OI analysis when
layer-mean temperatures (’T‘,) of thicker layers were used, i.e. T,(1000-500) instead of T',(1000-700)

and T, (700-500).
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Similarly, oscillation in the temperature increments on model levels can occur when radiances with
broad weighting functions are used directly, as in 3D-Var. This can be seen in Fig. 2a, 3b and 4b.
The diagrams show the theoretical analysis increment for a given channel (when used on its own) as
given by Eq.8. The thicker line refers to the vertical correlations initially used in 3D-Var (these are
equal to those used by ECMWE OI over oceans at 45 North) and the thinner line is 1D-Var, The 1D-
Var correlations were derived directly from temperature data (in the U.K. Meteorological Office
model), Eyre et al. (1993), whereas the OI correlations were derived from wind and height data
(Hollingsworth and Loénnberg, 1986; Lonnberg and Hollingsworth, 1986), fitted to h continuous
representation for height from which temperature correlations were obtained as the first derivative in

In p. The correlation between temperature at S00 hPa and all other levels is plotted as an example
in Fig.5, for OI (full line) and 1D-Var (dashed).

The 1D-Var correlations are significantly broader (Fig.5) than those used by OI and give rise to a
broader response in MSU-2 (Fig. 2a). For HIRS-4 (Fig. 3b) and MSU-3 (Fig. 4b), which have very
broad wéighting functions, we see that the sharper correlation functions of OI give rise to oscillations
in the temperature increments, much like the examples of Lénnberg (1989). Oscillations do not occur

with the 1D-Var vertical correlations.

3.3 Discussion

There is no good reason why 1D-Var and 3D-Var should use different forecast error statistics. A
common formulation which is good for temperature as well as height and wind is needed. Rabier and
McNally (1993) (called RM93 hereafter) explained that the apparent incompatibility between
temperature statistics obtained directly from temperature data (as used in 1D-Var) and ktemperature
statistics derived from height/wind statistics (as used in ECMWF OI) is due to the assumption of
separability between the horizontal and vertical directions - i.e. the assumption that the correlation of

the variable x between two points 1 and 2 with distance r,, at pressure levels p, and p, can be

written as a product of two functions:

corr ( X,,X, ) = function of r;, X function of ( p,,p, ) ©)]

A separable formulation cannot be accurate for both wind and temperature (Phillips, 1986).

Following the ideas of Parrish and Derber (1992), RM93 used 48 minus 24 hour forecast differences
for a period of one month (December 1992) at spectral resolution T106 from the operational ECMWE

31-level model, to compute covariance statistics for each total wavenumber, n = [0,106]. Their set

of statistics allowed the implementation of a fully non-separable formulation, which is accurate for

both temperature and wind. This will be the subject of the next section.
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4. NON-SEPARABILITY

4.1 Spectral formulation
Horizontal isotropy in real space is in spectral space equivalent to neglecting cross-covariances

between wavenumbers, and neglecting the dependency on zonal wave number, m. We write

<X;",X;"> to denote the covariance, of the meteorological variable X between levels i and j for

total wave number n, n = [0,N], where N is the spectral triangular truncation of the model.

Similarly we write [X;",X;*] for the correlation. -

The total covariance is a sum over all wavenumbers:
- ¥ <xnxn 10
X Xp = X <XPXP (10)

or expressed in terms of correlations:

N
<X1,Xj> = ‘/a,aj E"V;’an [Xin,Xjn] (11)
n=0
N
where v, is the auto-correlation spectrum of X, normalized such that ¥ vi = 1 and gis its total
n=o0

amplitude, i.e. ‘/'a_i = Oy is the standard deviation of X,. The variance spectrum \7] translates to a

horizontal correlation function p(r) in physical space, where 7 is horizontal distance (see the appendix

of Gauthier et al., 1993).

The horizontal length scale l, of the auto-correlation spectrum vf is defined (Daley, 1991, p110):
N
12
l, = |2/E—Vzv;' (12)
n=0
with the Laplacian V2 = -n(n+1) / a?, where @ is the radius of the earth.

42 Separability
Two kinds of separability can be identified in Eq.11. Firstly, the horizontal spectrum can be separated

from the vertical, i.e. ignoring the dependency of v;' on level i; secondly, the vertical correlations
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can be separated from the horizontal, thereby ignoring the dependency of [Xi" ,Xj"] with n. The

equivalent of both kinds of separability is currently assumed in e.g. the OI scheme at ECMWF. Thus,

for the covariance at each wave number:

<X X(> = [a;a, X,,X;] v" (13)

and the total covariance becomes (c.f. Eq.11):

4.3 Temperature correlaﬁons

The set of statistics-obtained by RM93 comprises vertical correlations for each wavenumber as well
as auto-correlation spectra for each level of the ECMWF .model, for temperature, mass, wind and
specific humidity - a total of several hundred thousand correlations. Rather than fitting these data with
a parametric expressién we found that we could use the statistics directly. An example of the variation
with .n -of the temperature vertical corrélation is shown in Fig. 6. The vertical structures are clearly
broader for small n (large horizonta'l‘ scales) than for large n (small horizontal scales). The total

vertical correlation, calculated as a sum over all n (Eq.11) is shown as a dotted curve in Fig. 5. It

shows level 11 (approximately 500 hPa) and can be compared to the curves for OI (full line) and 1D-
Var:(dashed). ‘We see that:the non-separable statistics give temperature correlations which agree with
those obtained directly from temperature statistics (as used in 1D-Var) and not with those obtained

from wind/height statistics in a separable formulation (as used in OI).

Another interesting feature is that the auto-correlation spectra for temperature have a significantly

shorter length-scale (/;, Eq.12) than for mass, Fig. 7. In the separable formulation both are the same

and equal to 500 km. From the non-separable statistics we obtain length-scales for mass close to 500
km in the troposphere (Fig.7, full line), gradually increasing to 1000 km in the stratosphere, whereas
the temperature length-scale (dashed) goes from 300 to 400 km.

Both these features of temperature error statistics agree with the theoretical results of Phillips (1986).
It gives an indication how severely the separability assumption violates the temperature correlation
structures, if the correlation model is based on mass/wind statistics. Similar problems occur in the
wind and height correlation structures in a separable formulation based on temperature statistics. The
operational OI system performs well because no temperature (radiance) data are used - only wind,
height, thickness and humidity data. Radiance data are, as mentioned earlier, treated separately in 1D-

Var using the appropriate temperature error statistics, and passed to OI in the form of thickness data.
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3. RESULTS OF DATA ASSIMILATION EXPERIMENTS

Reéult of 3D-Var in terms of single analyses were presented by Andersson et al. (1994), They showed

generally good agreement between 3D-Var and Ol analysis increments of geopotential height and wind
at 500 and 50 hPa.

In this section, we compare the results in data assimilation experiments over several days. The period
is 19921111-12 to 19921125-12 UT, for which we had received cloud-cleared radiances from NESDIS
with nearly complete global data coverage. We have run 10-day forecast from 12 UTC at each day
of the assimilations in order to use the quality of the forecast (in terms of objective scores) as a
measure of the quality of the assimilations. Firstly, three 14-day 3D-Var assimilations at spectral
resolution T63/L19 were performed, each with different specification of forecast error statistics, and
one OI T63/L19 control. Thereafter a 14-day Vexpen‘mbent at spectral resolution T106 was run,
comparing a 3D-Var assimilation (non-separable structure functions) with OI at the same resolution.
3D-Var and Ol both used the same conventional data and both used the same number of TOVS data.
3D-Var used TOVS radiances directly, whereas OI used 1D-Var retrievals everywhere on the globe,
(except below 100 hPa over land). | |

CAA Te63/L19 Forecast error statistics from RM93. Non-separable formulation.
Correct for wind and temperature. |
BYN T63/L19 The mean covariance matrix of RM93 was used, i.e. separable
’ formulation. Correct for temperature.
BXQ T63/1.19 Forecast error covariances as in OL Separable formulation. Correct for
' wind. (Stopped after 5 days.)

BXW T63/L19 OI/1D-Var control at T63, using 1D-Var retrievals.

CDN T106/L195 Forecast error statistics from RM93. Non-separable formulation.
CAQ TI106/L19 OIl/1D-Var control at T106, using 1D-Var retrievals,

In a typical 6-hour period 3D-Var used radiances from 4,000 to 4,500 TOVS spots, in total 40,000 to
50,000 pieces of information from channels HIRS-1 to 7, 10 to 15, MSU-2 to 4 and SSU-1 and 2,
In order to minimize the effect of forecast errors in surface temperature, only the seven most highly-
peaking channels were used over land (HIRS-1 t0 4 and 12, MSU-3 and 4, SSU-1 and 2), and from
cloudy spots only the cloud-insensitive channels were used (HIRS-1 to 3, MSU 2 to 4, SSU-1 and 2).

52 T63 forecast results
The forecast scores (T63) of experiments CAA, BYN and BXW are presented in Fig. 8a to 8d. They
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are averages of 14 cases, 19921112 to 19921125-12 UT. It is quite clear that non-separability (CAA,
full line) has improved the 3D-Var assimilation in the northern hemisphere, and scores are equal to
the OI control (dotted line) in terms of anomaly correlations (Fig. 8a) and RMS (Fig. 8b), up to day
4. OI beats 3D-Var in the Northern Hemisphere between days 4 and 7, in this period, for these
versions of 3D-Var and OL. |

CAA (non-separable) performs as well as BYN (separable, temperature-based statistics) in the southern
hemisphere and is clearly better than OI throughout the ten days (Fig. 8c). The improvement shows ‘
also in terms of RMS (Fig. 8d).

The experiment BXQ (which used OI-like covariances in 3D-Var, i.e. appropriate for wind) is shown
separately, in Fig. 9, because it was discontinued after five days. It performed similarly to CAA in the
northern hemisphere (Fig. 9a and 9b) but was very poor in the southern hemisphere (Fig. 9¢ and 9d).
This clearly shows that the covariance structure for temperature implied by the wind/height-based
statistics used in this assimilation is inappropriate for the assimilation of TOVS radiance data. The
fact that BXQ is better than BYN in the northern hemisphere shows that it is important to usé the

correct structures for wind where conventional data dominate the analysis.

5.3 T106 forecast resulis

The experiment with non-separable structure functions was repeated at spectral resolution T106 (CDN,
solid line) and compared with a T106 control (CAQ, dashed). The scores are shown in Fig. 10a to 10d,
and they confirm the T63 results. 3D-Var with non-separable structure functions performs well in both

hemispheres.

5.4 Temperature increments

The largest impact of the new structure functions is expected in the analysis increments of temperature.
We saw in section 3 that the sharp vertical temperature correlations of the wind-based statistics
produced large oscillations in the vertical profiles of temperature analysis increments, in analyses of
some of the broad TOVS channels. Maps of model level 15 (approximately 850 hPa) temperature
increments over the southern oceans, where TOVS data dominate, show very large amplinide (Fig.
11a, from experiment BXQ), far in excess of the corresponding increments produced by OI/1D-Var
(Fig. 11b, BXW). The new formulation (Fig. 11c, CAA) shows a much better correspondence with
the OI/1D-Var result.
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12 GMT 11 NOV 1992TEMP LEVEL 15 3VABXQO - FGABXQ6

180°

180"

Fig.11a) Level 15 (850 hPa) analysis increments of temperature, for experiment BXQ (3D-Var, separable correct for
wind). The contour interval is 0.5 K, negative dashed.

Fig.11b) Level 15 (850 hPa) analysis increments of temperature, for BXW (Ol/1D-Var). The contour interval is 0.5 K,
negative dashed.
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12 GMT 11 NOV 1992TEMP  LEVEL 15 3VACAAOD - FGACAAG

180°

Fig.11c) Level 15 (850 hPa) analysis increments of temperature, for CAA (non-separable 3D-Var). The contour interval
is 0.5 K, negative dashed.
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7. CONCLUSION
These experiments have demonstrated three important points about 3D-Var:

1) The forecast scores from the 3D-Var assimilation are of a quality similar to those from the
Ol/1D-Var assimilationk (in this two week period), 3D-Var is better in the southern hemisphere
throughout the ten days, and équai in-the northern hemispheré up to day four. The 3D-Var
scores at T63 for days 5, 6 and 7 in the northern hemisphére are slightly worse than OI/1D-
Var, but the reverse is true at T106. | |

2) The diréct use of TOVS radiances has been successful.

)] Non-separable structure functions are necessary for the combined assimilation of 'broad’

temperature information (TOVS radiances) and ’sharp’ wind information (conventional data).

Non-separability means that the horizontal spectrum varies in the vertical and that the vertical
correlation varies with horizontal scale. Phillips (1986) explained the effects on temperature, of non-
separability. For temperature, comparéd 1o a separable formulation based on wind/height statistics, we

obtain in a non-separable formulation:

i) Broader vertical correlation
ii) Shorter horizontal length-scale

iii) Smaller forecast error variance

Having introduced non-separability in 3D-Var, we now have better prospects of using temperature
observations effectively. It would be interesting, for example, to experiment with using radiosonde

temperature observations in this new context.

Although not yet demonstrated, we can expect the non-separable analysis to work in the following

way:

A dense patch of AIREPs in the North Atlantic brings information on the small horizontal
scales at the jet level. This information will be given limited vertical spread by the non-

separable analysis.

The sparse surface observations in the southern hemisphere oceans measure well the large

scale component of the surface pressure field. This information will be spread through a thick
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layer of the atmosphere (i.e. more bardtropic).

An isolated radiosonde report brings information on sharp vertical structures. This component
- will be given limited horizontal spread by the analysis. |

TOVS data can>on1y observe broad structures in the vertical. The non-separable analysis of
these data will then mostly affect the large horizontal scales.
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