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1. INTRODUCTION

This aim of this lectureis to complementhe moretheoreticapresentatiomf 3dVar givenin the“Assimilational-
gorithms”modulewith a discussiorof someof thetechniquesvhich arenecessarfor a practicalimplementation
of the method.The ECMWF implementatiorof 3dVar is describedThis wasthe operationaECMWF analysis
betweerB30 Januaryl996and24 Novemberl997.Thereaderis referredto Anderssoretal. 1998,Courtieretal.
1998 andRabieret al. 1998 for a more detailed description.

The topics ceered in this lecture are:

. The incremental method

. Initialization of analysis increments

. Formulation of the background cost function

. Methods for calculating background error statistics

2. THE INCREMENTAL METHOD

Ideally, theanalysiscostfunctionshouldbe specifiedn termsof fieldswhich have the sameresolutionasthefore-
castmodel.However, this makesthe costfunction computationallyexpensve to minimize (especiallyin 4dVar,
where the much of the computationapense is in the tangent-linear and adjoint models.)

Theincrementamethodreducesomputationaexpenseby minimizing a costfunctionwhich hasa lower resolu-
tion thanis usedby theforecasmodel.Thisis reasonabléecaus@analysisncrementaregenerallyrathersmooth,
at least with current methods for specifying background error correlations.
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Theincrementaimethodis aniterative procedureFor eachiteration n , anapproximateanalysisx,, is generated
from an initial approximatiorx,, _, by:

Xn = Xn—l + ST6Xn (1)
Here, ST denoteshe pseudo-inerseof an operatorS which reducesthe resolutionof the modelfields to the
resolutionusedfor the cost function. (For example, S might correspondo spectraltruncation.)The pseudo-

inverseof S is anoperatomwhich increasesesolution(for exampleby paddingthe spectrumwith zeros).In this
case,S' increases the resolution of the increm&nj to match that of the analysis.

The incrementpx,, , is calculated by minimizing the cost function:

A, = 3(S%, -1+ 8%, ~5%,) 'BTH(SX, 1 + 8%, ~ S%,) 2

# S(H(x, _3) + H'(8%,) —y) R(H (X, 3) + H'(8%,) )

Notein particularthatthe obsenation operatorH actson the high resolutionfields x,,_; whereaghe operator
H' acts on the lo resolution increment.

Theincrementamethods describedbove asaniterative procedureHowever, thereis generallynoguaranteethat
theiterationswill corverge. For thisreasonatypicalimplementatiorof themethodperformsonly afew iterations.

2.1 Implementation of the Incremental method in the ECMWF 3dVar

In the caseof the ECMWEF 3dVar system,a singleiterationof the incrementaimethodis performed.The initial
approximation to the analysigg , is simply the background. The analysis consists of 3 steps:

2.1 (a) Comparison with the observations at higbotution. This step calculates H(x;) —y . The back-
groundfields aretransformedo gridpointspaceandtheninterpolatedo obsenationlocations.12-pointbi-cubic
interpolationis usedfor upperair fields. Bi-linear interpolationis usedfor surfacefieldsto avoid problemsnear
surface discontinuities (e.g. coastlines) and steep orograph

Obsenationoperatorsareappliedto theinterpolatednodelfieldsto calculatethe modelequivalentsof the obser-
vations.The obsenationsarecomparedvith their modelequivalentsandthe differencedetweerthetwo (i.e. the
departuresarewrittento theobsenrationfile, for usein theminimization.Obviously-badobserationsarescreened
out at this stage by remiag obserations with ery lage departures.

2.1 (b) The minimization.This stepcalculateghe low-resolutionincrement,dx . The high-resolutiorupper
air backgroundieldsaretruncatedo T63. Thegridpointsurfacefieldsaretransformedo spectrakpacetruncated
to T63,andtransformedackto gridpointspaceThis ensuregonsisteng betweerthespectrahndgridpointfields
usedin the minimization.In the caseof the 31-level model,non-linearnormalmodeinitialization (NNMI) is ap-
plied to thefieldsto adjustthemto thelow resolutionorograply. (NNMI hasbeenfoundto give unsatiséctorary
resultsin the 50-level and60-level versionsof the model,sonoinitialization of the low-resolutionbackgrounds
performed for theseertical resolutions.)

Thelow resolutioncostfunctionfor theincrementds minimizedusinga quasi-N&ton method(Gilbert andLe-
maréchal1989).Variationalquality controlof obsenationdeparturess appliedduringthe minimization(Anders-
sonand Jarvinen, 1998).

2.1 (c) Updating at highesolution. This step calculatesthe high-resolutionanalysis, x, = x;, + S'éx.
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Sincethelow resolutionanalysiss balancedvith respecto thelow resolutionorograply, it is desirableo initialize
theanalysisncremento adjustit to the high-resolutiororograply. However, NNMI is a non-linearprocedurelt
mustbe appliedto whole fields ratherthanto incrementsFor the 31-level model,the high resolutionanalysisis
defined as:

X, = Xp + NNMI(x, + S'dx) — NNMI (x,) 3)

No initialization is performed for the 50vel and 60-lgel versions of the model.

3. THE BACKGROUND COST FUNCTION

The backgrouncerrorterm of the costfunctionis crucialto the performancesf the analysissystem A simpleex-
ample suices to sha why.

3.1 Example

Supposeve have asingleobsenationof thevalueof amodelfield (e.g.temperatureqitonegridpoint,correspond-
ing to the k"™ elementof the statevector The obseration operatolis very simplein this caseandis represented
by thel x N matrix whoset" element is equal to one, and whose other elements are all zero:

H = (0,0,...,0,1,0,...,0) 4
The gradient of the cost function is zero at the minimum, and (in the non-incremental formulatioe) isygi
0J(X,) = B™(x, —x,) + H'R™'(Hx, —y) = 0 (5)

Multiplying through byB , and rearranging gés

X, —X, = BH'R™(y —Hx,) (6)

But, for thisexample,BHT is simply equalto the ™ columnof B . Also, sincewe have justasingleobsenation,
R_l(y—Hxa) is simply the scalar value (Zy—(xa)k)/og, where (x,), is the analysedgridpoint value
corresponding to the obsation, and where;, is the ariance of obseation error Thus:

Blk
[y_(xa)kDB
G——0
o, 0 ..

o

Xg=Xp =

(7
Bk

Thatis, theanalysisncrements proportionalto a columnof the backgrounderrorcovariancematrix, B . In other
words,the backgroundcaovariancematrix controlshow informationis spreadout from the singleobsenration, to

provide statisticallyconsistenincrementsat the neighbouringgridpointsandlevels of the model,andto ensure
thatobsenationsof onemodelvariable(e.g.temperatureproducedynamicallyconsistentncrementsn theother
model\ariables (e.g.articity and dvermgence).
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3.2 Formulation of the background cost function in the ECMWF 3dVar

Thebackgrouncerrorcovariancematrix is enormoustypically 10° x 10°. Thisis muchtoo largeto fit into com-
putermemory Moreover, evenif this waspossiblewe don't have enoughstatisticalinformationto determineall
its elements. W are forced to simplify things.

Oneway to approactthe constructiorof the backgrouncerrorcovariancematrix s to build amatrix L for which
thevariablex = L(x—Xx,) hascovariancematrix equalto theidentity matrix. Thebackgrounaostfunctionmay
then be written as

1
3 = 5X'X ®

The background error gariance matrix is defined implicitly by asB = (LTL)_l.

Theeffectof multplyingbackgrouncerrorby thematrix L is to remove thecorrelationdbetweerits elements(Re-
memberthat the correlationmatrix for X is theidentity matrix. Thatis, the elementsof x areuncorrelated. A
naturalway to build L is asa sequencef steps,eachof which remosressomecorrelationfrom the background
error.

The mostobvious correlationin the backgrouncerrorsis the balancebetweemrmasserrorsandwind errorsin the
extra-tropics We thereforedefineour L asL = LuK_l,wherethematrix Kt takesthe modelvariablegvortic-
ity, divergence temperaturelog(surfacepressure)specifichumidity, andozonemixing ratio) andsubtractdrom
thetemperatur@andlog(surfacepressurefomponentsvhicharein balancewith thevorticity. A components also
subtractedrom thedivergenceto remove the correlationbetweerdivergenceandvorticity dueto Ekmanpumping
nearthe surface,and compensatingippertropospheriocoutflow. Similarly, a balancedcomponents subtracted
from the ozone to account for the correlation betwesticity and ozone background errors.

The balanced components of temperature, logearpressure), érgence and ozone are defined as:

(T.)np,), = MW
D, = NWC ©)
(03)1, = 0W(

where the matrix W hasthe sameform as the linear balanceoperatorrelating vorticity to height, but has
coeficientswhich are statisticallydetermined The matricesM , N and O accountfor the vertical correlation
between'height” (asdefinedby W) andthe balancedemperaturelog(surfaicepressure)divergenceandozone.
Thesematricesareblock diagonal,with onefull vertical matrix for eachspectralcomponentwhosecoeficients
depend only on the totalawenumberm .

Thebalanceoperatoy K™, is intendedto remave all correlationsoetweendifferentvariables The remainingpart
of thechangeof variable,L , , is thereforeblock diagonal with oneblock for eachof thevariables(vorticity, tem-
perature-and-log(statepressure)divergenceandozone).Eachblock hasthe sameform, for examplethe block
corresponding toorticity is:

1/2 -1/2
(Lu){ =G0 Gt

-1
% (20)
Here, Zzl divides the vorticity by its standarddeviation of backgrounderror; Cﬁ/ % removes horizontal

. -1/2 . .
correlation; and:vZ removes \ertical correlation.
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Division by backgrounderror standarddeviation is performedin gridpoint spaceto allow a spatialvariation of
backgrounderror However, the horizontalcorrelationsare assumedo be spatiallyhomogeneouandisotropic.
This males C;lz/z diagonal, with codicients which depend only on the totadmgnumbern .

Thematrix C;%/ % is block diagonal with oneverticalmatrix for eachspectrakcomponentywhosecoeficientsde-

pendonly onthetotalwavenumberThis structureallows theverticalcorrelationgo vary with horiziontalscale so
thatlarge horizontalscaleshave deepewertical correlationghansmallhorizontalscalesIt doesnot allow spatial
variationof the vertical correlationsNote,however, thatthe vertical correlationsof temperaturelo vary spatially
This is becausen the tropicsthey are determinedby the correlationsdefinedfor the unbalancedemperature,
whereasn middlelatitudesthey arelargely determinedmplicitly by theactionof thebalanceoperatoronthevor-
ticity correlation matrix.

Fig. 1 (a) shavs the vertical correlationof temperaturerrorwith modellevel 18 of the ECMWF 31-level model
(level 18is atapproximately600hRy). The statisticawvereestimatedisingthe NMC method(seebelow). Notethat
thevertical extentof the correlationis smallerin thetropicsthanin middle latitudes Figure1b shavsthevertical
correlationsfor temperaturémplied by the J, formulation.Note thatthe main latitudinal variationin the vertical
correlations is retained.

The effect of the balanceoperatorin accountingfor correlationbetweengeopotentiaheightandwind is demon-
stratedby Fig. 2, which shavs thewind incrementgeneratedy a singlegeopotentiaheightobserationat 60N,

30W. In Fig. 2 (a), theobsenrationis placedat 1000hR, andwind incrementsireshavn for thenearesmodellevel

to 1000hR. Notethatthewind incrementincludesa corvergentcomponentThis is generatedby theinclusionin

the balanceoperatorof a correlationbetweendivergenceandvorticity. Fig. 2 (b) shavs thewind incrementnear
300hR for a height obseation at 300h&. In this case, the increment is slightlyaijent.

(a) =)

mode | levels
mode| level

'L ! ! | " |
W0 B0 TO B0 W0 40 3 20 10 0 -10 -20 <30 40 -30 60 70 80 S0 %0 50 7O B0 30 40 3 20 10 0 -10 -20 -30 -40 -30 -80 -70 -20 -0
W latitde S M lafitude jdegy S

Figure 1. (a) ¥rtical correlation of temperature for 48h-24h forecageminces. (b) ftical correlations of
temperature implied by thg fbrmulation. The ertical axis is model il for the 31-lgel model.

Meteorological Training Course Lecture Series
0 ECMWEF, 2002 5



Assimilation techniques (3): 3dVar

3

)

Figure 2. Wihd increment generated by a single obagon of geopotential. (a) Increments at modetl&0
(near 1000h&) from an obseation at 1000h&. (b) Increments at modelkd 13 (near 300 from an
obsenation at 300h&. In both cases, the obsetvheight is 10m leer than the background.

Fig. 3 demonstratethe way in which informationfrom anobsenrationis spreadn the vertical. It shavs a cross
section of the increment generated by a single temperature atiseat 200h.

(a) (b)

ann

om

Figure 3. Cross section of the increment generated by a temperaturattsetv200h&, 60N, 30WThe
obseredvalueis 0.5K warmerthanthebackground(a) Temperaturéncrement(b) Vorticity incremenfcontour
intenal is 4 x 10_7). The \ertical axis for both plots is modeli for the 31-lgel model.

3.3 Calculation of the background-error correlations

The previous sectionshavedthat, by makingsomesimplifying assumptionghe numberof non-zeroelementsf

thebackgrounderrorcovariancematrix maybedrasticallyreducedThelargestmatricesareof of orderthenumber
of levels of the model,andmay be estimatedstatisticallyfrom a sampleof backgrounderror of sizea few times
the number of leels.
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Unfortunately we cannotcalculatebackgrouncerror, sincethis would requireknowledgeof the true stateof the
atmosphere. There are three main approaches to get round the problem:

3.3 (&) TheHollingsworthand Lénnbeg (1986) method.This methodlooks at the spatialcovarianceof dif-
ferencedetweerobsenationsandthebackgroundThesedifferencesarea combinationof backgroundandobser-
vation error. We can partition the error into backgrounderrors and obsenration errors by assumingthat the
obsenation errorsare spatially uncorrelatedlf we bin obsenation-minus-backgroundsa function of distance
from each obseation, only the zero-distance bin will contain a conifiitn from the obseation error

TheHollingsworthandLénnbeg (1986)methodhasthe adwvantagethatit is adirectdiagnosisof backgrounderror
covariance.However, it requiresa uniform setof unbiasedobsenationswith spatially uncorrelatecerror. This
malkesit unsuitablefor calculatingthe global statisticsrequiredby 3dVar. In addition,the methodproducesstatis-
tics for obserablequantitiessuchaswind andtemperaturewhereaghe backgroundtostfunctionrequiresstatis-
tics for vorticity andunbalancedcomponent®f temperaturegtc.. Neverthelessthe methodremainsa valuable
tool. In particular it canbeusedto verify thatthe standardleviationsof backgroundaindobsenrationerrorarecor-
rectly specified.

3.3 (b) The NMC metho@4&rrish and Derber1992). This methodwasuseduntil recentlyin the ECMWF
3dVar and4dVvar systemsThe methodassumeshatthe statisticalstructureof forecasterrorsvarieslittle over 48
hours.Underthis assumptionthe spatialcorrelationsof backgounderror shouldbe similar to the correlationsof
differences between 48h and 24h forecastgying at the same time.

Theadwantageof themethods thatit is straightforvardto calculateherequiredglobalstatisticsThedisadwantage
is thatthe underlyingassumptiornhatthe statisticalstructureof 48hforecasterroris similar to thatof background
error is dificult to justify.

3.3 (c) The analysis—ensemble methddhe methodcurrentlyusedat ECMWF to estimatebackgrounderror
statisticds to runanensembl®f independenanalysisexperimentsFor eachexperimenttheobsenrationsareper-
turbedby addingrandomnoisedrawn from theassumediistribution of obsenrationerror The effect of the pertur-
bationsis to generatalifferencesn the analysedor eachexperiment.Theseare propagtedto the next analysis
cycle asdifferencesn backgroundsAfter a few daysof assimilation the statisticsof differencesetweerback-
groundfieldsfor pairsof memberof theensembleequilibrate andin principle becomerepresentatie of thetrue
statisticsof backgrouncerror. As a furtherrefinemento themethod the effect of modelerrormayberepresented
by introducing random perturbations to the/gibal parameterizations used in the assimilating model.

Figs.4 and5 shov somestatisticsof backgrounderrorcalculatedusingthe analysis-ensembimethod(figure 4)
andtheNMC method(Fig. 5). Theanalysis-ensemblmethodgivesbackgroundorrelationsvhich aresmallerin
horizontalandvertical scalethanthoseproducedby the NMC method.The backgroundlifferencesarealsoless
balanced than the forecastfdiences used by the NMC method.
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Figure 4. Statistics of background error forticity calculated using the analysis-ensemble method. (a)
Wavenumberaveraged ertical correlation matrix. (b) Horizontal correlation as a function of model &nd
great-circledistance(c) Vertical correlationwith modellevel 39 (approx.500hR) asa function of wavenumber
(d) Standard deation of \orticity error as a function of modeMel and vavenumber
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Figure 5. Statistics oforticity background error calculated using the NMC method. @ewimberaveraged
vertical correlation matrix. (b) Horizontal correlation as a function of model énd great-circle distance. (c)
Vertical correlationwith modellevel 39 (approx.500hR) asa function of wavenumber(d)Standardleviation of
vorticity error as a function of modeMel and vavenumber

3.4 Calculation of background-error variances

Thevarianceof backgrouncerroris specifiedn gridpointspaceThis allows the spatialvariability of background
errorto betakeninto account(For example backgrouncerrorvarianceis lik ely to berelatively smallerin areasof
denseobsenationalcoveragethanin areaswheretherearefew obsenations.)In practice,only thevorticity and
specifichumidity variancesave a horizontalvariationof backgroundrariancein the ECMWF 3dVar. (Note,how-

everthatthebalanceoperatoiimpliesa horizontalvariationof thebalancedomponentsf theotheranalysedrar-
iables.)

For specifichumidity, backgrouncerrorvariancesaregiven by anempiricalformulawhich expressesherelative
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humidity backgrouncerrorasafunctionof temperaturendrelative humidity. Additionally, backgrounderrorsfor
humidity are reduced taevy small alues in the stratosphere, and are reducedvdel@ls oser sea.

For vorticity, three-dimensiondields of backgrouncerror standarddeviation arecalculatedusinga cycling algo-
rithm (FisherandCourtier 1995)which appliesanempiricalerrorgrowth modelto a diagnosticestimationof the
standard ddations of analysis error
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